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A bstract
This thesis develops the quantitative study of quantum entanglement in systems 
of identical particles. Understanding this topic is essential for the construction 
of quantum information processing devices involving identical particles.
A brief overview of necessary concepts and methods, such as the density 
matrix, the entanglement in pure and mixed states of distinguishable particles, 
and some common applications of entanglement is given in the introduction.
Some competing methods of calculating the entanglement in bipartite pure 
states of indistinguishable particles are examined. It is shown that only the ’site 
entropy’ measure introduced by Zanardi satisfies all the criteria for a correct 
entanglement measure. A teleportation protocol which utilizes all the entan­
glement carried (in both the spin and space degrees of freedom) in a doubly- 
occupied molecular bonding orbital is presented.
The output from an interferometer in a thought experiment described by 
Omar et al. is studied as an example to see whether entanglement can be 
separated into space-only, spin-only, and space-spin components. A similar 
exercise is performed for a doubly-occupied molecular bonding orbital. The 
relationship between these results and the application of superselection rules 
(SSRs) to the quantification of useful entanglement is discussed.
A numerical method for estimating the entanglement of formation of a mixed 
state of arbitrary dimension by a conjugate gradient algorithm is described. The 
results of applying an implementation of the algorithm to both random and 
isotropic states of 2  qutrits (i.e. two three-dimensional systems) is described.
Existing work on calculating entanglement between two sites in various spin 
systems is outlined. New methods for calculating the entanglement between 
two sites in various types of degenerate quantum gas - a Fermi gas, a Bose 
condensate, and a BCS superconductor - are described. The results of numerical 
studies of the entanglement in a normal metal and a BCS superconductor are 
reported, both with and without the application of superselection rules for local 
particle number conservation.
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Chapter 1
Introduction
This chapter outlines some of the tools needed in the rest of this thesis. First, 
the density matrix is discussed. This enables a probabilistic mixture of quantum 
states to be described using the quantum formalism. Then some basic concepts 
to do with entanglement are introduced, and finally some standard applications 
of entanglement are outlined.
1.1 T he density m atrix
1.1.1 Pure and impure states and the density operator
A quantum state is described as pure if it can be written as a sum of one or 
more kets. Eg.
if-) = ^=(in>-iit> (i.i)
is pure.
How do we describe a statistical mixture of pure states? For example, one 
could imagine a source producing a stream of spin-half particles, with a Stern- 
Gerlach experiment at the output of the source to measure the spin-z component 
and thus randomly project each particle into definitely spin-z-up or spin-z-down. 
An observer positioned beyond the Stern-Gerlach experiment receives particles 
whose spin-z component has a definite, but random, value. This is what we 
mean by a statistical mixture of pure states.
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We seek a quantum mechanical way of describing such a statistical mixture. 
This may seem a perverse goal, given that it is a classical stream of probabilities 
we are describing. But there are good reasons for doing such a thing, as we’ll 
see later.
In this example, say the probability of a given spin in the stream having 
the definite spin-z value 11) is p j , and the probability of it having the definite 
spin-z value |!) is p j. To be analogous to a pure state, a QM description of this 
statistical mixture should have the property that the inner product of it with any 
pure state yields the probability of that state occuring in a given measurement. 
Let’s call such a description a mixed state, and denote it by p. Then we require
where |a) denotes a particular pure spin state in the mixture p. There are two 
ways that, in practice, one obtains a mixed state: either by considering some 
small part of a larger system which is in a pure state, or by being in receipt 
of a stream of pure states emitted by a classical source. However, in principle 
one could have a mixed state even in an isolated system, by carefully preparing 
a statistical mixture of states of particles that are shielded from all external 
interactions.
We can satisfy such a requirement by representing the mixed state as a sum 
of projectors onto pure states:
or more generally for any statistical mixture of pure states (ie- n° t
necessarily spin states):
If the {It/’t)} are orthonormal, then the pi are probabilities, as required above, 
since for some specific \ipj),
{a\p\a) =  p„ (1.2)
(1.3)
a
(1.4)
Pj- (1.5)
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p is a sum of projection operators, therefore it is itself an operator: it is 
called the density operator, and was independently developed by Landau and 
von Neumann [4, 5].
1.1.2 The density m atrix
Like any other quantum mechanical operator, the density operator can be writ­
ten as a matrix in some orthonormal basis of pure states. For a density operator 
constructed according to equation (1.4) written in some orthonormal basis of 
pure states {(A:)} where
If the ‘diagonal’ basis of the \tpt) is used, ie. if p is diagonalized, it is clear that 
this reduces to
where the {pk} are the eigenvalues of p. Thus one obtains a density matrix with 
the probabilities {pk} on the diagonal and zeros everywhere else. Of course, this 
means that the eigenvalues must satisfy 0  < Pi < 1 .
For our example above, the diagonal basis is
( 1 .6 )
k
the elements of this matrix are
Pkk’ =  W W )
(1.7)
Pkk’ =  Pk^kk’ ( 1 .8 )
I T ) , I I ) (1.9)
yielding the density matrix
( 1.10)
If, however, we choose to write this mixture in the spin-x basis
I U  =  - ) = ( I T >  +  l l »  
| U  =  - L ( i t ) - I D ) ( l . i i )
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then the elements of the density m atrix /3r0 w ,co i are
h i  =  Pt(TilTXtlTx) +Pi<Txll>(IITi>
=  PT7 2  7 2  + P i 7 2  V 2 = 2 ^ +Pl )
P i  2 =  P t U . I T X T I U + P i U x U X I I U  
1 1  1 . 1 , 1 ,
~ P's /2  \ / 2 + P l ^ 2 ( ^ 2  2 Pl
h i  =  Prdx lTXTITx)  + P i ( i x | I X I I t x >
P22 =  P l ( l x lT X T I lx )  + P l ( l x | l ) < l l l x >
=  \ (P l  + P i ) -
( 1 .12)
PTV/2 V2 + P l(  \ / 2 )( V 2 ] 2 (P T + P l)’
Thus the density matrix in the spin-x basis |Tx)illx) is
.  =  I / P T + P i  P T - P A  ( 1 1 3 )
2 \Pi -  Pi Pi + P i )
1.1.3 The density m atrix expresses measurement proba­
bilities
Regardless of the basis used, the diagonal elements pkk of the density matrix 
express the probability of a measurement of the mixed state yielding the pure 
state | k), ie.
P(|fc>) =  Pkk (1-14)
In the language of the above example, this is the probability of the member of
the stream of spins that one happens to measure being in the pure state | k).
The density matrix also expresses the normalization of probability, since
tr (p) =  1. (1.15)
1.1.4 The density m atrix gives correct measurement av­
erages
A primary justification for the use of the density operator to describe a ‘mixed 
state’ is that it gives the correct measurement averages for an operator acting
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on that state. Returning to our example, if the recipient of the spins measures 
them using a z, which has eigenvalue + 1  for | |)  and — 1 for |j), it is obvious that 
he/she will obtain an average value of pj — Pi-
as expected.
1.1.5 Distinguishing pure from m ixed states
The density matrix provides a convenient way of distinguishing a pure state 
from a mixed one:
For a pure state, one of the eigenvalues of the density matrix is equal to one, 
and the others are all zero.
1.1.6 Freedom in the representation of p
There are an infinite number of ensembles of pure states which will generate 
a given p. These are known as pure state decompositions of p. One can use
More generally, for any operator A ,
{A) =
l k k'
= ^  ^(fc|p|A :/)(A:/ |>l|A:) by using equation (1.7)
k k’
=
k
= tr (pA). (1.16)
It is easy to check this result against the above example:
PT ~ P l (1.17)
Pure state: p2 — p tr  (p2) =  1
Mixed state: p2 ^  p tr  (p2) < 1 (assuming the eigenvalues
are between 0  and 1 ) (1.18)
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a unitary transformation to move from one of these decompositions to another 
that generates the same p:
M  (1-19)
j
where {Uij} are the elements of a unitary matrix, and the (iV’i)} and {|0 j)} are 
subnormalized states defined by
IV’i) := yfpv, IV’i),
14>i) ~  s / P i ~ M i ) -  ( 1 - 2 0 )
Thus, {|^t)} and {|0j)} both generate p:
P =  = (1 -2 1 )
* j
Uij does not have to be a square matrix. The number of rows equals the number 
of pure states in the existing decomposition, and the number of columns equals 
the dimension of the Hilbert space.
1.1.7 The reduced density m atrix
Suppose one is in possession of a density operator describing the joint state of 
several systems: A , B,  and C. W hat is the density operator that describes the 
state of just one of those systems, and how does one obtain it? The density 
operator describing the state of one subsystem of the entire system is known as 
the reduced density operator. It is obtained by a procedure known as the partial 
trace, or tracing out.
The partial trace
For a bi-partite system A B  in the state
IM>)ab  =  ai^ A ® l^)B (1 -2 2 )
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the reduced density operator for system A  is obtained by ‘tracing out’ the states 
of system B:
Pa =  trBp = trB(\^) a b a b {^\)
=  A {j\
= b {p \^ )a B AB('fp\p)B- (1-23)
A *
Thus, one sums over all inner products of the projector \tp) a b a b (^\ with the
basis states of system B. The symbol tr#  denotes ‘trace out states of system
B \
Justification for using the partial trace
We choose the partial trace because it gives the correct measurement statistics 
for any observable M A acting only on system A. To achieve this, we require:
(M a ) =  tr (MApA)
= tr (M a b Pa b ) (1-24)
where
M a b  — M a <S>Ib  (1.25)
is the observable for the same measurement performed on system AB.  The 
partial trace
Pa =  trB(pAB) (1-26)
is the only function satisfying this condition [6].
Exam ple o f the reduced density  operator
Consider the following state. We shall see below that it is ‘entangled’, i.e. not 
factorizable into states of particles A  and B:
\^)a b  =  a |0 )^ |0 )s  + 6|1)^|1)b. (1-27)
The density operator for it is
P = \iP)a b a b (iI>\
— |a |2 |0 )^ |0 ) s  B(0 U (0 | + a 6 *|0 )^ |0 )B jb(1  ( 1 1 +
a*^|l)/i|l)B  b (0|/i (0| 4- |6|2|1),4|1)b b (1U(1|- (1.28)
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Performing the partial trace yields the reduced density operator for particle A: 
Pa — | a | 2 |0 )^  A(0\ +  | >^|2 11) a ( 1 |
f  |a | 2 0  \
- 1 « i.i>) , , ! * 1
in the |0)^, |l)>i basis. This pA is identical to the pA for a classical mixture of 
|0 )^ and |l)y%: this equivalence is one way of looking at entanglement.
1.2 A n introduction to  entanglem ent
A pure quantum state of two systems is described as entangled if it cannot be 
factored into a product of pure states of those two systems. For example, if we 
have electrons A  and B,  the joint spin state
l x n >  =  I W I T b >  ( 1 -3 0 )
is not entangled as it is a product of the spin-up states of the two electrons. On 
the other hand,
l x ° ° )  =  ^ ( I U ) l i B ) - | U ) M )  ( i - 3 i )
is entangled, as it is not possible to choose basis states of systems A  and B  such 
that
IXoo) =  |a ^ ) |& B ) -  ( 1 -3 2 )
This can be seen as follows. Suppose we could find |a^) and \bs) that 
satisfied this condition. Each would be a superposition of up and down states 
on their respective sites:
I a A) := p \1a ) +  q\Ia ), \p\2 + \q\2 = l,
I bB ) : =  r|T>i) +  | r |2 +  | s |2 =  1 . ( 1 .3 3 )
Then the singlet state could be rewritten
Ixoo) =  (p ITm) +  g | l / i ) ) ( r ITB) +  s\Ib))
=  pr|TT) + H T I )  +  <7r llT) + g s | U ) .  ( 1 -3 4 )
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To achieve equality between the expressions for |xoo) in equations (1.31) and 
(1.34) clearly requires
pr  =  qs =  0  and 
1
ps = —qr =  —r=,
y/2'
(1.35)
which is not evidently not possible. Therefore it is impossible to choose basis 
states of system A  and system B  in which |xoc) can be expressed as a product.
1.2.1 The qubit and the ebit
The qubit The qubit is a parallelised equivalent of a classical bit, and can in 
principle be implemented using any two-state quantum system. It makes use 
of the fact that a quantum system may be prepared in a superposition of its 
possible states. A qubit is defined thus:
The ebit The ebit is a unit of entanglement. It is most naturally defined as the 
amount of entanglement required to transmit one qubit of quantum information 
from one two-state quantum system to another. This can be achieved with a 
protocol called quantum teleportation, described in section 1.3.2.
Bell-states are a complete orthonormal basis for the state of any pair of 2 -state 
quantum systems. Any pair of 2-state quantum systems will either be in one 
of the Bell-states, or in some superposition of them. There are four Bell-states, 
and they are:
They are useful in the context of entanglement because each Bell state contains 
exactly one ebit of entanglement between the two subsystems.
|*> =  o|0) +  6|l), |o|2 + |»|2 = l. (1.36)
1.2.2 The Bell states
l * ? 2 >  =  ^ = ( I T ) l l i ) 2 ± l l ) l | T ) 2 )  
|4 > f2 >  =  ^ = ( l t ) l l r ) 2 ± | l > . | l ) 2 ) (1.37)
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1.2.3 Von Neum ann entropy
Suppose the possible values of a random variable X  occur with probabilities 
P\,~,Pn-  The Shannon entropy of X  is defined:
H ( X )  := H(pi , . . ,pn) = -  £ > l o g 2 Pi (1.38)
t
The von Neumann entropy of a quantum state is defined as the Shannon entropy 
of the eigenvalues {A*} of that sta te’s density matrix:
S(p) := —Tr(p \og2p)
= ~ ^ 2
i
with 0 log20 := 0. (1.39)
If a state is pure, as defined previously, its density matrix has a von Neumann 
entropy of zero. If it is impure, the von Neumann entropy will be non-zero.
In section 1.2.9, we shall see that one of the most important applications of 
the von Neumann entropy is that it provides a way of quantifying the degree 
of entanglement in arbitrary (pure or mixed) quantum states. For example, the 
reduced density matrix for one system of a pair of a systems that are in a Bell 
state has a von Neumann entropy equal to one, and thus the Bell states are said 
to each contain one ebit of entanglement.
The von Neumann entropy of pa  is a maximum if pa is completely mixed, 
ie. if
pA =  I / d  (1-40)
where d is the dimension of the Hilbert space. In that case,
S(p) =  d x - (1 /d )  log2( l /d) =  log2d. (1.41)
1.2.4 Other properties o f the von Neum ann entropy
Von Neumann entropy has some other interesting properties [7, 8 ]:
• If pt are probabilities, and the states pt have support on orthogonal sub­
spaces, then
5 ( X ^ t/3t)  =  H (Pi) + Y l P i s (Pi) (L42)
' t ' i
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• Joint entropy theorem  If Pi are probabilities, |i) are orthogonal pure 
states for system A, and pi is any set of density operators for another 
system B,  then
®Pi)  =  H(pi) -I- Y^PiSiPi)  (1-43)
 ^ i '  i
1.2.5 W ootters tangle
Wootters [9, 10, 1 1 ] considers a general spin-state of two distinguishable parti­
cles:
l 0 )  =  a | TT )  +  6 | T i ) + c U T )  +  d | U ) ,
|a | 2 +  |6 |2 +  |c | 2 +  |d | 2 =  1. (1.44)
The Wootters entanglement is simply a reexpression of the von Neumann en­
tropy of p b , and is defined as
E  = f t[ l( l  +  v T = 7 )] , (1.45)
where
h{x) = ~{xlog2x  +  (1 -  x)log2(l -  x)) (1.46)
and the quantity r  is known as the ‘tangle’ and is defined by
r  =  4|ad — 6c|2. (1-47)
1.2.6 Pure state concurrence
The tangle is an example of a more general entanglement measure called con­
currence, defined by Hill and Wootters [10] for a pure state \ip) as
C{$)  := |(V # )| (1.48)
where is the ‘spin-flipped’ state. For a pure state \ ^ a ) of a single qubit, this 
is defined as
IM  ■= ° vWa )- (1-49)
This is due to the fact that the time reversal operator © for a spin-half system 
must be antiunitary [1 2 ]:
e  =  - i n ( ^ f \ K  (i.50)
26
where K  is the complex conjugation operator and 77 is an abitrary phase. A 
suitable choice of 77 therefore gives
0  =  oyK  (1.51)
and hence the above definition of |Vm). For a general state |iPa b ) of two qubits,
the spin-flipped state is
\ ^ a b ) : =  ° y ® a y \ V A B) -  ( 1 -5 2 )
For some pure state tpAB of two qubits, the entanglement between the two qubits
is
E( iPa b ) =  £(C(4>a b ))
where
£ { C ) : = f t ( 1 +  V 21 ~ C- )
and h(x) is the binary entropy function:
h(x) := — rrlog2a; — (1 — x)log2(l — x)
1.2.7 Entanglement m onotones
As first described by Vidal [13], an entanglement monotone is a function that 
satisfies:
p  A LOCC r A 1For p — ► {Pipi}
then E(p) > piE(pi ). (1.56)
1
Vidal put it this way: ” monotonicity under local transformations is proposed 
as the only natural requirement for measures of entanglement” . LOCC means 
‘local operations and classical communication’, ie. the combination of operations 
performed locally on the two subsystems, and classical signals sent between 
those two subsystems. A non-entangled state can be prepared through LOCC,
whereas an entangled state can’t. If one defines a pure-state entanglement
function
f{trB\il>)(iJ>\) := E(\ip))  (1.57)
with the properties:
(1.53)
(1.54)
(1.55)
• Local unitary transformations on subsystem A  leave it invariant:
f{UApU\)  — f (p)  for all local unitary operations {UA}. (158)
• It is concave:
f (Xpi  + (l — X)p2 ) > A /(pi) +  (1 — A)/(p2 )
for all p i , p2 , 0  < A < 1. (1.59)
Then the convex-roof extension of E  is an entanglement monotone:
nriin „
E(p)  := decomps }  pjE(\ip)j). (1.60)
j
There are many possible entanglement monotones. One example is the en­
tanglement of formation, which is described in section 1.2.9. Another example is 
the quantum relative entropy. The monotonicity of relative entropy under com­
pletely positive mappings was proven by Uhlmann and is known as Uhlmann’s 
theorem [14, 15].
1.2.8 Quantum relative entropy
The relative entropy of a quantum state p with respect to the quantum state a 
is defined by
S(p ||a) =  tr  p log2p -  tr p log2a. (1.61)
The quantum relative entropy is non-negative:
S{p\\a) > 0  with equality iff p =  & (Klein’s inequality). (1.62)
The quantum relative entropy can be thought of as a ‘distance’ between density 
operators.
1.2.9 Entanglement of formation
A well-known example of an entanglement monotone is the entanglement of 
formation, which is the convex roof extension of the von Neumann entropy. 
The von Neumann entropy is a convenient measure of entanglement for bipartite 
pure states, but it cannot provide an answer for the entanglement between two
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subsystems which are in a mixed state. Instead, it gives the entanglement 
between one of the subsystems and ‘everything else’ (the other subsystem plus 
the environment). However, the entanglement of formation turns out to be a 
particularly natural measure of entanglement between two systems which are 
jointly in a mixed state.
If m  copies of a (pure or mixed) state p are produced from n  Bell states, then 
the entanglement of formation of p is the number of Bell states n / m  required 
to produce each copy of p as the supply of Bell states n —* oc. This process is 
known as entanglement dilution [16].
Entanglem ent o f form ation for a pure quantum  sta te
If p is a pure quantum state, then the entanglement of formation equals the von 
Neumann entropy. This can be seen as follows. If an entangled state \ip) has a 
Schmidt decomposition
IV’) =  V p (x )\x a )\x b ) (1-63)
X
then
p(x i )p(x2 ) •• .p(3?m) 13-1 .A2-2.4 ) | B%2B • • •
(1.64)
For the next step, it is necessary to define the concept of a ’typical sequence’. 
This is a sequence of m  symbols from an information source which has a fraction 
q of the symbols equal to 1 , and a fraction 1 — q equal to zero. The probability 
of such a sequence is
p(x, . . .xm) «  (1.65)
where H ( X ) is the Shannon entropy of the source. An c-typical sequence is one 
for which the Shannon entropy of the source satisfies this relationship to within 
a tolerance of ±e, ie.
2 - m ( t f ( X ) + £) <  p ( X l , „X m ) <  2 - ™ ( / / ( * ) - e ) .  ( 1 .6 6 )
It can be shown that for any e > 0, the maximum number of e-typical sequences 
is [17]
no. of sequences < (1.67)
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We now discard all the terms in the sum where the coefficients 
p{xi)p{x2 )...p{xTn) are not e-typical, giving
I tm )  := \ /p (x l)P(x 2 )-~P(Xm)\XlAX2A-XmA)\xiBX2B-X m B )
x£e  — typical
(1.68 )
and renormalize it:
Wm) := 7 } y m) l (1-69)
Now by the result in equation (1.67), the maximum number of terms in equation
(1 .6 8 ) is
2 m (tf (p (x ))+ e)  _  2 m (5 ( P ^ ) + e) ( 1 -7 0 )
where qa = trs |^ )(V ,l- How close is |ipm) to As m  —► oc it becomes
very close indeed as measured by the fidelity:
F ( W ® " \ | l O ) - > l .  (1 - 7 1 )
Consider this entanglement dilution procedure:
• Alice and Bob have n — m(S(pA ) +  e) Bell pairs shared between them.
• Alice prepares the state \ipm).
• Alice teleports Bob’s half of \ipm) over to him using the Bell pairs, by fol­
lowing the protocol to be defined in section 1.3.2. Note that this protocol 
requires the use of classical communication.
The entanglement of formation of the state obtained through this procedure is
=  m ( S ( f t , )  +  «)
m
One can make e as small as is required, so the entanglement of formation of 
| ■0 m) for e —► 0  tends to
E F{\^m)) = n / m  —» S(pa) -  (1.73)
As m —* oo, \ipm) becomes equal to and thus this result becomes true
for |V’)®m as well.
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If the joint state of two systems A  and B  is not pure, systems A  and B  
are, in general, themselves entangled with another, unspecified system (‘the 
environment’). In this case, applying the above procedure does not give the 
entanglement of system A  with B,  but instead the entanglement of system A
with system B  plus the environment. To calculate the entanglement of formation
between A  and B  we need to use a different procedure, outlined in the next 
section.
Entanglem ent o f form ation for a m ixed quantum  state
A particular pure state decomposition of a mixed state p shared between sub­
systems A  and B  can be written
P =  (1-74)
x x  i
where the {|^t)} are subnormalized states defined by [18]
$ i )  := VP~i\il>i)- (1-75)
The average entanglement of the decomposition, in ebits, is
£ .,({ !*> }) = Y l P ‘E ‘
i
= - Y ^ P i T r A\pf\og2p?] (1.76)
t
where Ei is the entanglement of \ipi). The entanglement of formation of p is 
defined as the minimum of Eav over all possible decompositions of p:
E F(p) := min E av (1-77)
{!*>}
The decomposition which gives the minimum is described as ‘optimal’. It is 
possible to make unitary transformations between different decompositions of a 
given mixed state [18]:
\ ti )  -> (1-78)
j
Although these decompositions all generate the same mixed state, they have 
different values of the average entanglement.
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W ootters formula for entanglem ent o f form ation o f two qubits
Wootters [1 1 ] derives a formula for the entanglement of formation of a mixed 
state of two qubits, or any other pair of two-level quantum systems. It is
analogous to the concurrence-based entanglement measure derived by Hill and
Wootters for a pure state of two qubits (see section 1.2.6), and is given by
E(p) := £(C(p)). (1.79)
The convex function S  is the same one as defined in equation (1.54).
The mixed-state concurrence is defined by
C(p) := max{0, Ai -  A2 -  A3 -  A4 } (1.80)
The A's can be viewed as either:
• The eigenvalues in decreasing order of the Hermitian matrix
R:= VppVp- (L81)
• The square roots of the eigenvalues of pp (which is non-Hermitian).
Here, p is the ‘spin-flipped’ mixed state, and is defined by
P =  (CTy ® a y)p*{<Ty ® o y) (1.82)
which follows from the expression for \ i P a b )  given previously in equation (1.52).
Postulated additivity o f entanglem ent o f form ation
An open problem in quantum information theory is whether the entanglement 
of formation is additive [19]. For the tensor product p of a pair of bipartite 
density operators p\ ,p 2 ,
p := P i® p 2, (1-83)
where p\ and P2 are each shared between Alice and Bob, it is possible to show 
that Ep  is subadditive [2 0 ]:
Ef(p )  < Ep(pi)  + E f { p 2)- (1-84)
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This can easily be seen as follows. Let
Pi '■= ^  $ i ) n $ i \  and
I
h  ■= E l ^ > 2 2< ^ | (1.85)
j
be optimal decompositions of p\ and p2 respectively. Then
P ■= Pi ® fa = ^ \ ^ i ) M j ) 2 2 { i p j \ \ { 4 ’i\ (1-86)
ij
is a decomposition of p that is not necessarily optimal. It has an average entan­
glement
Eav — ^  ]PijE{Pij) (1.87)
ij
where
Pij := \ipi)i\ipj)22(ipj\i(ipi\ (1-88)
(note that these V’ s are NOT subnormalized). Now
\^i)i  =  y/P~i\ti)i
■'■Pij = PiPj (1-89)
And
E(pij)  =  E(pi) +  E(pj)  (1.90)
because the entanglement of pure states is additive. So from equation 1.87, one 
gets
Eav — ^  ] Pij[E(Pi) +  E(p j )]
ij
= PiE (Pi) +  PjE{pj ) 
i j
= E(fa)  + E(fa).  (1.91)
So you can at least get the average entanglement as low as the sum of Ep{p\)  
and Ep(fa) ,  and therefore
E f ( p )  < Ep(pi)  +  Ep(fa).  (1.92)
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But it is not known whether ‘< ’ can be replaced by ‘= \  ie. whether equality 
applies for all mixed states. However, Vidal et al have proven additivity for 
several families of bipartite mixed states [2 0 ].
The open question of the additivity of the entanglement of formation matters 
because, in the words of K. Vollbrecht, it is ’’crucial to settle the interpretation 
of Ejr as a resource quantity. The typical kind of tensor products appearing in 
the theory are pairs created by (maybe different) sources of entangled states, 
and kept for later use.” [19]
1.2.10 Entanglement of distillation
Entanglement of distillation describes the reverse of entanglement dilution (this 
is also known as entanglement concentration, or entanglement purification). If 
one starts with m  copies of the pure or mixed state p and, using LOCC only, one 
produces n Bell pairs from them, the distillable entanglement of p is the fraction 
n / m  as n  —+ oo. This fraction is also known as the efficiency of the distillation 
process. If p is a pure quantum state, then the distillable entanglement can 
be shown to equal the von Neumann entropy, and thus the entanglement of 
formation [2 1 ].
For mixed states, the entanglement of distillation is bounded from above by 
the entanglement of formation:
D < E f . (1.93)
Thus for mixed states, distillation is an irreversible process - if you distill a cer­
tain number of Bell pairs from a mixed state, you will require extra Bell pairs in 
order to reconstruct that mixed state using dilution. There are thus two types 
of entanglement, ‘free’ entanglement which is distillable, and ‘bound’ entangle­
ment which is not. Indeed there are some states, the ‘bound entangled’ states, 
which contain only bound entanglement and from which no useful entanglement 
can be distilled [22, 23]. For certain classes of mixed states, the inequality in 
equation (1.93) can be shown to be strict [24].
1.3 W hat can entanglem ent do?
Why are people interested in entanglement? Here are a few reasons:
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• It reveals quantum non-locality.
• It can be used to achieve secure communications.
• It plays a role in allowing quantum mechanical techniques to be used to 
process information.
The following sections describe more fully these motivating applications of en­
tanglement.
1.3.1 B ell’s theorem  
Pream ble
Einstein, Podolsky, and Rosen’s famous paper [25] argued that quantum me­
chanics could not be a complete, realistic theory without the addition of ’hidden 
variables’. These were supposed to be additional parameters that completely 
specified the state of a quantum system and in doing so restored locality to the 
theory.
In 1964, Bell showed [26] that such a theory, however formulated, will not 
produce results consistent with experimental observation.
The validity of Bell’s theorem is a pre-requisite for the validity of much 
of quantum information theory. If it is not valid, it is possible that quantum 
mechanics is a local theory, and QIT protocols such as quantum teleportation 
cannot possibly work. This is because, for example, the states of the spins in a 
singlet pair would be determined when the pair was produced, and there would 
be no possibility of using their states to transmit information.
N om enclat ure
Consider a pair of spin-half particles in a singlet state, which have been spatially 
separated. Their spins are denoted o\  and 0 2 . We can use Stern-Gerlach 
apparatuses to measure their spins along arbitrary axes: say those specified by 
the unit vectors a  and b .  For a singlet state, if o \  ■ a  =  -1-1 then a subsequent 
measurement along the same axis on a2 must give 02 • a  =  — 1.
Suppose that, as Einstein and his coworkers would have preferred, there 
is no action-at-a-distance. In that case, it must be that the results of our 
measurements were set at the time the singlet pair was formed. So from the 
point of view of the local realist camp, there’s nothing mysterious about the
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fact that measurements on the two spins always give opposite results even when 
the spins are spacelike-separated: this only seems ‘weird’ because we do not 
understand the extra physical parameters or ‘hidden variables’ which govern 
the spin values assigned to the spins at the time they interacted.
Introduce a hidden variable
Let’s denote the hidden variable or hidden variables by A. This (these) vari­
able^) can be discrete or continuous - we’ll treat A as the latter. If A  is the 
result of measuring o\  • a and B  is the result of measuring <Jv • b then now we 
have
A(a,  A) =  ±1
B(  b,A) =  ±1 (1.94)
where under the Einsteinian definition of ‘locality’ we insist that A  /  ^4(b), 
and B  ^  B(a).  In other words, the only way in which the measurement results
depend on each other is in the original preparation of the state, and not in the
way in which the measurements are subsequently performed.
Denote the probability distribution of A when a large number of systems are 
prepared in an apparently identical fashion by us by
J  p(X)dX = 1 (1.95)
I say ‘apparently’ because of course we have no understanding or control of the 
hidden variable(s). By integrating over this probability distribution, we can 
obtain a classical expectation value for the product of o\ • a and a2 • b:
P(a, b) =  J  dX p(X)A{a, A)£(b, A) (1.96)
The expectation value which is predicted by quantum mechanics (and which 
has been experimentally observed) is given by
E(a, b) =  (<7! • a x cr2 • b) =  —a • b. (1-97)
In this discussion, the symbols E  and P  are used to denote quantum mechanical 
and classical expectation values respectively. The following sections describe 
how Bell shows that hidden variable theories lead to an inequality between 
expectation values which experimental observation shows to be incorrect.
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H id d en  variab les a re  co n sis ten t w ith  th e  re su lts  o f m easu rem en ts  on 
a  single sp in
Although the real issue here is whether a hidden variable theory can accurately 
describe the results of measurements on a pair of spins, it is first worth checking 
whether such a theory can work for the results of measurements on a single spin. 
Clearly, that is a prerequisite. Consider a spin-half particle in a pure spin state 
with polarization p. In this case it will be convenient to represent the hidden 
variable(s) by a unit vector A which has a uniform probability distribution over 
the hemisphere A • p>0.
Let the result of measuring a • a  be
where a ' is related to a  and p  in an arbitrary way. However for this exercise, 
we shall set the angle between a ' and p  to be 6 '. Thus if a  is the polar angle 
(see Figure 1.1 ) then
where r  and 0  are the redundant radial and azimuthal spherical coordinates.
Now we specify the exact relationship between a ', a, and p. It is this: we 
obtain a ' by rotating a  towards p  until
sign A • a 7 (1.98)
0  < o < 7r — 9' : A • a ' > 1
a  > n — O’ : A • a '  <  1 (1.99)
and averaging over A gives this expectation value:
—  I d(f)— /  (sign A • a f)da 
2tt J ^ q 7T Ja—o
1 /*^ ,r 1
( 1. 100)
7 T
cos 9 ( 1.101)
7 T
So we get
(a ■ a) =  cos 6 ( 1. 102 )
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s ig n  A . a '  = -1
Figure 1.1: Geometry for a spin-half particle in a pure spin state with polar
uniform probability distribution over the hemisphere A • p>0.
which is the correct quantum mechanical result since by the definition of spin 
polarization, p =  (a), and 0 is the angle between p  and a.
H idden  variables are  no t consisten t w ith  th e  resu lts  o f sep ara te  m ea­
su rem en ts on two spins in a sing let s ta te
So, hidden variable theories are capable of satisfying the prerequisite condition 
of correctly describing the results of measurements on a single spin. Now, one 
now needs to consider whether they are capable of performing the task their 
proponents claim they are able to perform, ie. correctly describing the results 
of 2-spin measurements. First, note that:
• The probability distribution p is normalized:
• Since the two spins are in a singlet state, measuring them along the same 
axis always gives opposite results:
ization p, and one or more hidden variable(s) represented by A, which has a
J  dXp(X) 1 (1.103)
A{ a, A) =  - B {  a, A) (1.104)
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Now we introduce a third axis for spin measurement: c. W hat’s the differ­
ence in P (a , x) between measuring the spin of particle 2 along axis x =  b and 
along axis x =  c?
P(a, b) -  P(a, c) =  J  p(A) U (a , A)B(b, A) -  A(a, A)B(c, A)
= f  p( \ )A(a,  A)B(b, A) 
since B(b, A)2 =  1 
=  -  J  p(X)A(a,X)A(b,X)  
using equation 1.104.
dX
dX1 -  P(b,A)B(c,A)
1 + A(b,A)B(c,A) dX
(1.105)
Now,
A = ±1, 
p( X) > 0 , (1.106)
and thus the maximum value of the integrand occurs for A(a , A) =  4^(6, A) =  +1 
for all A. Thus one gets the inequality
/■|P(a, b) -  P(a, c)| < /  p(A) 1 + A(b, A)£(c, A)
le.
|P ( a ,b ) - P ( a ,c ) |  < 1 +  P (b ,c).
dX (1.107)
(1.108)
Any hidden variable theory, regardless of how physically reasonable it is in 
other respects, must produce expectation values that satisfy this inequality for 
all a, b, c.
If this condition is not satisfied, we must conclude that hidden variable theo­
ries cannot accurately describe the results of spin measurements along arbitrary 
axes on two spins that are in a singlet state. We arrived at this conclusion in a 
very general way - by assuming:
• Measurements made along the same axis on spins 1 and 2 must always 
give opposite results.
• There are one or more hidden variables, each of which has a definite initial 
value for a given singlet pair. The value of each variable may evolve up
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until the time of the measurements in a way we are indifferent to. The 
addition of these hidden variables absolutely determines our measurement 
results on the individual spins.
• The hidden variables are distributed according to a probability distribu­
tion p( A) for a large number of systems which we believe we have prepared 
identically.
In fact, it is easy to find a choice of the directions a, b, c that violates this 
inequality, as is shown in the next section.
A choice o f m easurem ent axes which violates B ell’s inequality
Choose a, b, c such that they all lie in the same plane and the angle between 
a, b is 7 r / 4 ,  and the angle between b, c is also 7 r / 4 .  The angle between a, c is 
thus 7r/2.
Using the quantum mechanical result in equation (1.97) for the expectation
value of the product of <j\ • a and 0 2  • b, one obtains
l-E^a, b) — E(a, c)| = | — cos -j +  cos ^  | =  | --------7 = + 0| =  0.707
4  2 y /2
(1.109)
and
7 T  1
l +  £ (b ,c )  =  1 - c o s -  =  1 -  - p  =0.293 (1.110)
2 y j  2
and hence Bell’s inequality is violated:
|£ (a , b) — E(k,  c)| > l +  i?(b,c) (1-111)
B ell’s theorem  and entanglem ent
Bell’s theorem is inherently relevant to entanglement theory because, as shown 
above, it is an entangled state of two quantum systems (ie. the singlet state)
which violates Bell’s inequalities. Testing for a violation of Bell’s inequalities
has thus become the standard method for demonstrating the existence of en­
tanglement in a system [27].
However, it is now known that although all states which violate Bell inequali­
ties must be entangled, the converse is not true. In fact, all pure entangled states 
violate Bell inequalities, but, as shown by Werner, some mixed entangled states 
do not [28, 29].
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1.3.2 Quantum teleport at ion
Until 1993, physicists believed there was a very good reason why one could not 
transmit unknown quantum states from one location to another. That reason 
was the collapse of the wavefunction. How could one transmit a quantum state, 
it was reasoned, when attempting to measure that state inevitably destroys 
most of the information carried by that state?
In 1993, Bennett et al [1], developed a method of transmitting quantum 
states that circumvents this objection. At no point is a measurement made that 
will destroy the information in the quantum state that is being transmitted. 
They called this method ‘quantum teleportation’, an inspired choice of name as 
the inevitable association with ‘Star Trek’ guaranteed widespread media cover­
age of their new paper.
Sum m ary o f the teleportation  protocol
The protocol is summarized graphically in Figure 1.2.
Let Alice be the sender, Bob the recipient. Alice prepares two quantum 
systems in a maximally entangled state: the ‘carrier pair’. Alice sends one of the 
two entangled systems to Bob: call this the ‘target system’. Now Alice performs 
a Bell-state measurement on the joint system composed of the quantum system 
whose state she wishes to teleport (the ‘source system’) and the local half of the 
carrier pair: call this the ‘local pair’.
Alice’s Bell-state measurement projects the target system into a quantum 
state related to the original state of the source system by a simple unitary 
transformation. Which transformation depends on which Bell-state the local 
pair was projected into by the measurement. Alice sends by classical means the 
result of the Bell-state measurement to Bob, who can then apply the appropriate 
transformation to bring the target system into a state identical to the original 
state of the source system.
D escription of the teleportation  protocol
Bennet et al described the protocol in terms of spin-1/2 particles, but it is 
equally applicable to teleporting the state of any 2-state or N-state quantum 
system. First, Alice prepares two spin-1 / 2  particles (particles 2 and 3) in an
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Figure 1.2: Outline of the Bennett et al. teleportation protocol [1].
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EPR singlet state:
l ^ 23) =  ^ = ( 11) 211)3 ~  | 1) 2|T )3) ( 1-112)
Here, | |)  represents the spin-up state | |)  and |1) the spin-down state |1). The 
entanglement in the singlet pair will transmit the quantum-mechanical part of 
the state that is to be teleported. Alice then sends particle 3 to Bob, who can 
be any distance away. Alice is also in possession of particle 1 , the particle whose 
unknown quantum state she wishes to teleport. This state is represented by
\4>i) = a|T)i +  b\l) i  where |a | 2 +  |6 |2 =  1 (1.113)
The joint state of the three particles is
1^123) =  |0 i )|^23)
=  ( « I T > . + » l l > l ) ^ ( l t > 2 U ) 3 - | i > 2 | t > 3 )
=  ■ ^ ( l t ) i | t > 2 l l > 3  -  I D i l l h l T h )  +  ^ ( I D i l t h l l b  -  U ) . I I > 2 | T ) 3 )
( 1 . 1 1 4 )
This state contains no entanglement between particle 1 and the EPR pair, so no 
measurement we can make on the EPR pair can obtain any information about 
the state of particle 1. Instead, make a joint measurement of particles 1 and
2. The effect of this is most obvious if one rewrites |^  123) in terms of the Bell 
states of particles 1 and 2: Starting from equation (1.114) one obtains:
l ^ 123) =  ^ ( —a I T ) i U ) 2 IT)3 +  f r | i ) i  | T ) 2 | 1 ) 3 )  +
^=(a|r)l|t>2U >3-f-|i> l|i>2|t>3)
^ ( I T > l l i > 2  +  l i > l l T > 2 ) ( - a | T > 3  +  6 | l > 3 )  +  
^ = ( I T > l | T > 2 - U > l | i > 2 ) ( a | i ) 3 +  6 | t > 3 )  +
^ ( I T > . | T > 2  +  U > l l l > 2 ) ( a | i ) 3 - 6 | t ) 3 )
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Table 1 .1 : Relationship between Alice’s Bell state measurement result, the state 
of Bob’s particle after her measurement, and the correction Bob needs to apply 
to it
Bell state  
measured  
by Alice
State particle 3 is 
projected into by 
A lice’s m easure­
ment
Transformation B ob needs to  
apply to  particle 3 to  repro­
duce |0 i)
i* r2> -l<M None
i* f2> : ) » ■
180° rotation about z axis
i* r2> ( :  ; ) * >
180° rotation about x axis
i* f2> C  > ■
180° rotation about y axis
l* r2X-a|T>3 -  6|i>3) +  | * r 2)(-a|T>3 +  &u>3) +
l*r2>(a|l>3 +  6|T)3) +  | * f 2>(«U>3 -  b\ ] )3)
0 1 a
+  $ 12) (
b l l  0
(1.115)
So if Alice performs a Bell-state measurement on particles 1 and 2, particle 3 
will be projected into one of four states, each of which is related to the original 
state of particle 1 by a simple unitary transformation (a sign change, or a 180 
degree rotation around the x, y or 2 -axes), as summarized in table 1 .1 .
To ensure that Bob has the correct teleported quantum state, all Alice now 
has to do is transmit via classical means the result of her Bell-state measurement
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to Bob. In other words, Alice uses a classical signal to tell Bob which Bell 
state the joint system comprising particles 1 and 2  was projected into by her 
measurement. Bob then applies the appropriate transformation to particle 3, 
and brings it into a state identical to the state of particle 1 prior to teleportation.
Particle 1 has been completely disrupted by the teleportation protocol. Alice 
is left with particles 1 and 2 in one of the four Bell states. These are maximally 
entangled states that yield maximally random results for measurements on either 
particle 1 or 2 separately. This is consistent with the no-cloning theorem [30]: 
quantum information cannot be copied from one system to another, it can only 
be moved.
Significance o f the teleportation  protocol
By using entanglement as a channel to move a qubit from one quantum system 
to another, quantum teleportation makes explicit the role of entanglement as a 
resource for QIT. It also provides a fundamental test for the existence of useful 
entanglement: if a system is claimed to contain entanglement, can one devise a 
variant of the teleportation protocol to exploit it?
1.3.3 Quantum key distribution
The term ‘quantum cryptography’, although widely used, is somewhat mislead­
ing. The cryptographic use of quantum information theoretic techniques does 
not occur during the transmission of the encoded data itself. Rather, quantum 
techniques are used during the distribution of the one-time key which ensures 
the security of the data. For this reason, I prefer the more precise term ‘quantum 
key distribution’ (QKD).
QKD actually revives the oldest form of classical cryptography, private key 
cryptography. Before the invention of public key cryptography, this was the 
only form of cryptography. Its great virtue is that it is provably secure. Its 
great drawback is that there is no provably secure method of transmitting the 
one-time key it uses over a public telecommunications channel. QKD exploits 
the peculiarities of quantum mechanics to provide just such a method.
In private key cryptography, before sending the encrypted data to Bob, Alice 
sends him (via some physically secure means such as a carrier pigeon, etc) a 
random bit string of equal length to the data string. Alice then adds (modulo
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2) the key bit string to the data bit string, and transmits the result to Bob. 
Bob simply performs the reverse of this procedure to recover the original data 
bit string.
Private key cryptography can thus be performed using completely non­
electronic techniques, such as a book of one-time keys sent via a trusted courier, 
and encoded messages printed in a newspaper advert. QKD provides the best 
of both worlds - far more convenient key distribution over a public fibre optic 
network. But these keys may still be used to decode messages sent through the 
post!
Below I describe the original QKD distribution protocol, known as BB84 
after its inventors and year of publication.
The B B 84 Q KD protocol
Bennett and Brassard [31] describe the following protocol:
1 . Alice and Bob communicate using one of two non-orthogonal bases:
‘The rectilinear basis’:
I n )  : =  ( 1 , 0 )
|r2) := (0, 1)
‘The diagonal basis’:
|dl> :=  (A ' ^ ) =  7 ! (|ri> + |r2>)
\d2) ■■= ( - ^ , - - ^ = )  =  - )= ( |r1> - | r 2» (H 1 6 )
It is the non-orthogonality of these bases that provides QKD with its 
security.
2. Alice chooses
• The key - a random bit string that will act as the one-time key that 
she wishes to transmit.
• The base string - a string of equal length that will provide security 
for the transmission of the key.
3. Alice encodes each bit from the key as either 0  =  |r i) , 1 =  |r2 ) or 0  = 
|di), 1 =  |d2 ) depending on the value of the entry in the base string at the 
same position, and transmits the qubit to Bob.
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4. As Bob receives each qubit, he randomly decides whether to measure it in 
the rectilinear or diagonal basis. The corresponding bit of his measured 
key is set according to his measurement result. Since Bob only measures 
in the correct basis half the time, only approximately half the bits in his 
received key are correct. This fraction is further reduced by imperfections 
such as attenuation of the signal or detector inefficiencies.
The remainder of the protocol can be performed over a classical communi­
cations channel that is assumed to be subject to eavesdropping. However this 
channel should be immune to an eavesdropper - who we shall cunningly call Eve 
- inserting her own messages or modifying existing ones:
5. Alice and Bob exchange messages to determine which qubits Bob success­
fully received, and which of those was measured in the correct basis. This 
necessarily involves transmission of the base string, but by now it doesn’t 
m atter as it is too late for an eavesdropper to use the base string to eaves­
drop on transmission of the key. At the end of this step, Bob knows which 
bits in his key string should be correct.
6 . Suppose Eve makes a measurement on a qubit as it passes from Alice to 
Bob. One can show that:
• Any such measurement made by Eve, followed by her su b seq u en tly  
learning the correct basis in which she should have measured the 
qubit, will yield no more than |  a bit of information about the key 
bit encoded by the qubit. This is intuitively obvious, as Eve will only 
measure in the correct basis half of the time.
• If Eve then retransmits that qubit to Bob, in the hope of concealing 
her eavesdropping from him, if she obtained b < ^ bits of information 
about the key bit then with probability 6/2 Bob’s measurement of 
the qubit will disagree with the state originally chosen by Alice.
• Therefore, in the optimal case, Eve intercepts and measures all qubits 
in the rectilinear basis, obtaining a correct result for half of them, and 
causing Bob’s measurement of the retransmitted qubit to disagree for 
a quarter of them.
7. Therefore, Alice and Bob can detect eavesdropping by publically compar­
ing a certain fraction of their key bits. By doing this, they of course make
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these unsafe to use. The positions of the bits should be randomly chosen 
so that any eavesdropping will be detected.
8 . If all of the sample key bits agree, then Alice and Bob can conclude that 
there has been no eavesdropping, and it is safe to use the remaining, 
undisclosed, key bits as a one-time pad for private key cryptography over 
a public channel.
9. Although Alice and Bob now know there has been no eavesdropping, trans­
mission errors may have led to disagreements between the remaining key- 
bits. Therefore they perform two procedures on these keybits: i) infor­
mation reconciliation, and ii) privacy amplification, in order to generate 
a subset of bits for use as a private key. There is not the scope to de­
scribe these protocols in detail here. But information reconciliation is 
essentially error correction performed over a public channel. Eve can in­
evitably obtain some information about the key bits from the information 
reconciliation protocol. Thus, privacy amplification is then performed, 
which reduces Eve’s information about the key bits to below an accept­
able threshold.
The E P R  QKD protocol
The BB84 protocol does not exploit the properties of entanglement in any way, 
although one could certainly use entangled qubits in it. In 1991 Ekert [32] 
showed how entangled states could be used to generate the key bits. His scheme 
relies on the strange properties of entanglement for its security. Here it is:
• A source located between Alice and Bob creates singlet pairs.
• Alice and Bob measure their respective halves of each singlet pair along 
unit vectors which, for simplicity, lie in the (x, y) plane. They are ex­
pressed below in spherical polar coordinates (r, 0 , 0 ).
• Alice’s vectors are:
• Bob’s vectors are:
,  7 T  7 T ,
bl = 2  ’ 4
7 T  7 T .
2 =  2 ' 2^
^  ' jr  < 7r
b 3 =  ( ^ 2 ’ T } ( L U 8 )
• For each measurement, Alice and Bob choose randomly from one of the 
above vectors.
• Each measurement result is ± ^ , and potentially reveals one bit of infor­
mation.
• Let us denote the probability that Alice’s measurement along ai gives ±  1 
and Bob’s measurement along 8  ^ gives ± 1  by
(1-119)
• Then the correlation coefficient of Alice’s and Bob’s possible measurement 
results is:
E{&i , bj )  =  P + + ( & i , b j ) +  P _ _ ( a i , b j ) - P + _ ( a i , b j ) - P _ + (a i ,b j )
( 1 .120 )
But quantum mechanics tells us that
E(a.i, b j )  =  (<7 i - a i  a 2 • bj)
=  —ai • b j (1 .1 2 1 )
• If Alice and Bob measure along the same sixes, their results are perfectly 
anticorrelated. Hence
i?(a2 ,b i)  =  £'(£13, 8 2 ) = — 1 (1 .1 2 2 )
• Clauser, Horne, Shimony, and Holt [33] define this quantity:
S  = £ ( a i , b i )  — £ ( a i ,83)  4- £ ( £ 3 , 8 1 )  +  £ ( £ 3 , 8 3 )
(1.123)
49
As you’ll see shortly, evaluating this quantity will enable Alice and Bob 
to detect any tampering with the singlet pairs that are used to generate 
the key bits. Evaluating S  quantum mechanically we obtain:
S  = —ai • b i + a i • S3 — a 3 • b i — &3 • 8 3
=  -  C O S  (<f>\ -  0?) + C O S  (0j -  0 ? )  -  C O S  (05 -  0 3 ) -  cos (0^ -  0§)
1 1 1 1  
y/ 2  y/ 2  y/ 2  V 2
=  — =  - 2 V 2 ( 1 . 1 2 4 )
• After the pre-agreed number of qubits have been measured by Alice and 
Bob, they inform each other over a public channel of the directions they 
used for each measurement. From this discussion, they divide their mea­
surement results into three categories:
1 . Measurements for which Alice and/or Bob failed to measure any par­
ticle at all. These results are discarded.
2. Pairs of measurements made along the same direction: This group of 
results is a source of correlated classical random bits, which will be 
used as the key for encrypted messages.
3. Pairs of measurements made along different directions: This group of 
results are uncorrelated classical random bits, so are not suitable for 
use in the key. But instead, and ingeniously, Alice and Bob can use 
them to verify that no substitution of the genuine singlet pairs with 
qubits prepared with known spins by an eavesdropper has occurred.
First we need to consider the question of straightforward eavesdropping. 
This is impossible, as the information which constitutes the key does not come 
into being until Alice and Bob make their measurements. The flying qubits of 
the singlet pairs do not carry any information about the key. They just carry 
the ability to make the key when Alice and Bob make their measurements. It is 
a curious feature of this QKD technique that, although superluminal transmis­
sion of a predetermined classical message over a quantum channel is provably 
impossible, Alice and Bob can create a string of classical data which is a useful
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resource (ie. the key) simultaneously, even though they may be separated by a 
spacelike interval.
Although eavesdropping is doomed to failure, measuring the qubits en route 
could aid an eavesdropper in that the resulting projection onto a definite spin 
direction would enable the eavesdropper Eve to forge her own key. Subsequent 
use of the forged key by Alice and Bob would of course be insecure. We deal 
with this attack next.
Alice and Bob can use the measurements in category 3 to detect forgery as 
follows. They simply calculate 5  as given above in equation (1.123). If no tam­
pering has taken place, it should yield the value given in equation (1.124). If Eve 
has measured the qubits of the singlet pairs, or subsituted them with her own 
specially prepared qubits, one can show that S  will have a value incompatible 
with equation (1.124).
Suppose that Eve measures the qubits destined for Alice and Bob along her 
own axes n a and nb, where n a and n*, also lie in the x — y plane and have 
azimuthal angles a , P respectively, and p(na , n^) is the normalized probability 
distribution for the axes that Eve measures along for a given pair of spins. Then 
the S  calculated jointly by Alice and Bob becomes
J  p(ha, h b)dhadhb (ai • n a)(bi • n 6) -  (ai • n a)(b 3 • n b)
+ (a 3 • n 0)(bi • hb) 4  (a3 • n a)(b 3 • h b)
J p(na, h b)dhadhb 7 T  3 7 Tcos (a — 0) cos (f3 — —) — cos (a  — 0) cos (/3 — —)
/  /  r t ^  \  /  ^ * \  t  n  3 7 T .
4 - cos (a — —) cos (p — —) + cos (a — —) cos (p — —)
-  / p(ha, h b)dhadhb cos (a) ~^ = (cos (d +  sin P) — cos (a) ~^= (sin P — cos P) v  2  \ / 2
+ sin (a) ~^= (cos P + sin P) +  sin (a) ~^= (sin P -  cos P) 
v 2  \ / 2
J  p{ha, h b)dnadnb-^- cos a  cos P +  cos a  sin P — cos a  sin P 4  cos a  cos P
4  sin a  cos P 4  sin a  sin P 4  sin a  sin P — sin a  cos P
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f  2  r= J  p(ha,hb)dhadhb~^= cos a  cos (3 +  sin a  sin 0
= /  p{ha, hb)dhadhbV2 cos ( 0  -  a)
= | p ( n a,n t )dn0d n „ [^ n 0 -n (,]
— ► - V 2 < S  < V 2 . (1.125)
Thus, you can see that regardless of the axes Eve measures along, the value of 
S  subsequently determined by Alice and Bob in their discussion cannot possibly 
equal the value of —2 \ / 2  they would obtain if no tampering had taken place. 
Ekert’s QKD protocol is provably secure against this, the simplest type of attack.
A more sophisticated attack would be for Eve to forge entangled states of 
three spins, keeping one of the spins as an auxiliary. The idea is that she 
measures its spin state after Alice and Bob have made their measurements, by 
which point her spin will have already been projected into a definite spin state 
which will tell her the result of Alice and Bob’s measurement. Ekert points out
that using such a state will mean that Alice and Bob’s two particle state will be
mixed, rather than pure as it would be if it were the genuine singlet state. He 
makes the conjecture that whatever 3-spin state is chosen, Alice and Bob will 
be able to detect the tampering via their measurement of S.
Aschauer and Briegel have now shown that, with a few minor modifications, 
the standard two-way entanglement purication protocols are sufficient to make 
Ekert’s protocol perfectly private. They show that the final state of the protocol 
factorizes into a product state of Eve on one side, and Alice and Bob on the 
other side - Eve has been ‘factored out’ [34].
1.3.4 Quantum com puting 
Overview o f quantum com puting
The qubit There are certain computing problems that are intractable using 
conventional computers. Quantum computing exploits some of the distinctive 
features of quantum mechanics to provide a big enough speed-up to make these 
problems computable.
The speed-up is provided by using qubits rather than bits. The qubit is a 
parallelised equivalent of the bit, which makes use of the fact that a quantum 
system may be prepared in a superposition of its possible states. A qubit is
52
defined thus:
|$> =  o |0 >+fc|l), |a | 2 +  |6 |2 =  1 . (1.126)
An input register made up of n qubits may thus be prepared in a superposition 
of all 2n possible values of an n-digit binary number. With sufficient care, it 
is possible to preserve this superposition whilst applying a quantum algorithm 
to the input values. The output register will also be in a superposition of 
states. Measuring the state of the output register will of course collapse this 
superposition to just one of the possible output values. However, this does 
not make the exercise pointless, as the type of problem for which a quantum 
computer is suited is one where it is easy to check whether the answer given is 
the correct one. Factoring a large number is an example of such a problem. If 
the answer is wrong, one runs the algorithm again. The speed-up provided by 
the quantum parallelism outweighs the overhead of having to run the algorithm 
many times before obtaining the correct answer.
Q u an tu m  ga tes  A classical gate takes one or more input bits, performs an 
operation on their values, and produces one or more output bits. A quantum 
gate performs the same function with the superposition of values carried by its 
input qubits. An example of a quantum gate is the CNOT. It has two input 
qubits, A  and B. A  is the control line, B  is the data line. For each state 
in the superposition of states of the complete system AB,  it flips the state of 
qubit B  if and only if the state of qubit A  in that superposition equals one. An 
important feature of a quantum gate is that it must be reversible, that is to say, 
it must be possible to reconstruct the input data to the gate from its outputs. 
As a consequence, a quantum gate must have an equal number of inputs and 
outputs.
Q u an tu m  co m p u ta tio n  req u ires  a  un iversa l u n ita ry  tra n sfo rm a tio n
Any function /  can be regarded as a transformation taking n  bits to m  bits, ie.
To achieve this on a classical computer requires a set of classical gates which are 
universal. The equivalent statement in quantum computing is that any quantum 
computation can be regarded as a unitary transformation taking a state of n
/  : {0 , l} n — ► {0 , l} m (1.127)
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qubits to a state of m qubits. A universal set of quantum gates are a set that 
may be used to construct a completely arbitrary unitary transformation.
A universal set o f quantum  gates m ust have at least one entangling  
gate
Bremner et al [35] show that any entangling two qubit gate is universal for 
quantum computation, when it is assisted by one qubit gates. A similar exercise 
[36] shows that the same result holds for an entangling two qudit gate assisted 
by one qudit gates. Here, only the simpler two-qubit case is considered.
Lemma: A two-qubit gate U  is universal iff its action generates
entanglem ent.
O utline o f proof
• Bremner et al define a gate U as primitive if it is a product of one-qubit 
gates or if it is equivalent to the SWAP gate. Otherwise, it’s imprimitive.
• They show that any imprimitive gate U together with one-qubit gates can 
be used to implement W  =  exp(i<f)Z <8 > Z)  where O < |0 |< |.
• Then they show that one can produce the CNOT gate by combining W  
with one-qubit gates.
• .•. since CNOT is universal, W  and ; . U  must be universal.
• Since any universal gate is entangling and any entangling gate is imprim­
itive, the class of entangling gates is the same as the class of imprimitive 
gates.
equiv U
D etails o f proof In the following, the symbol = is used to denote equiv­
alence between two unitary transformations. If, by applying one qubit gates to 
the two-qubit unitary gate U, one can reach the two-qubit unitary gate V-, then 
U and V  are said to be equivalent.
1 . Define
V  := exp[i(6xX  ® X  + eyY ® Y  + dzZ  ® Z)\ eqU= U U.
( 1 . 12 8 )
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2. For an imprimitive gate, at least one of the 9a is non-zero.
3. First consider the two special cases where one or two of the 6 a is j  and 
the others are zero:
(a) Special case 1: 6 Z = j , 0X — 6y — 0. Then V  =  exp[i^Z ® Z] and so 
the desired W  has been obtained.
(b) Special case 2: 9X — 6 Z =  j  ,0y =  0 . Then:
thus:
(I ® Z )V ( I  ® Z ) V  =  e { I®Z) i (0x X<g>X+ey Y<8>Y+0z Z(8>Z)( I®Z)y
_  g*(“  Q x X ® X  — 9yY ® Y + 0 z Z<giZy  
_  e2iOzZ®Z _  ei<t>Z®Z _  yy (1.131)
T h e  aim  now is to  ge t from  IF to  a  C N O T . F irs t , one expresses W  in 
a  m ore convenient form
5. A rotation of a qubit about the z-axis is given by (cf. eg. Nielsen and 
Chuang page 174):
y e *jX<8>Iy7  _  e »f V 'X0/Vt _  e i j  Y  ® Z  ^  e i \ Z ® Z  ^  .129)
and again the desired W  has been obtained.
4. Now consider the more general case, 0Z /  ^ . Now
( /  (g> Z ) ( X  ® X ) ( I  ® Z)  =  - ( X ® X )  
( I ® Z ) ( Y  ® Y ) ( I ® Z )  = ~ ( Y ® Y )  
( /  ® Z) ( Z  ® Z) ( I  ® Z)  =  + (Z ® Z )
(1.130)
R z(9) := e ~ i6Z/2
cos(0/2)J — i sin(0/2)Z
(1.132)
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So with a little manipulation, you can see that W  is equivalent to a con­
trolled rotation about the z-axis:
e i<f>ZA® Z B _  ^ Z A®i<f>ZB
= E (Z A <S> i<t>ZB)nn\
Then
£  {^ ( Z A ® Z B) +  £  M lf n\ z—' n!
n  o d d  n  e v e n
cos <p + i sin (f)(Za <8> Zb)  (1.133)
)A = A{0\cos4> + ism4,(ZA ® Z B)\0)A
=  cos</> -I- i s in 0 (^(O|Z^|O)^ <g> Z B)
— cos4> +  i sin 0 ( 1  0  Z b )
= ei<t>ZB (1.134)
and similarly
A{l\eZA®{i4,ZB)\ \)A = cos<t> -  i s\n<j>ZB = e~i4>ZB (1.135)
Thus
eu>zA<s>zB = |0 ) 4 /,(0 | 55 e '02" + | 1).4 ^ ( 1 | 0 e - '* z “
=  |0>^/(< 0 |® / +  |l>/, /, ( l |® e 2iWZ» (1.136)
6 . Introduce the following notation for a controlled rotation about an arbi­
trary axis n:
Un eqU= U |0)(0| ® I +  |1 )<1 | ® e in-(x 'Y'z ) . (1.137)
So t/(o,o,2 |<*>|) is the symbol for the controlled rotation in (1.133).
7. One can apply one-qubit gates to the second qubit to change the axis of 
rotation but not the angle of rotation. So one can always find a one-qubit 
gate A  to go from n to n':
(I ® A)Un{I ® A')  = Un>. (1.138)
N ow , app ly  one-qub it g a te s  to  tu rn  W  in to  a  C N O T:
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8 . The target gate is CNOT, defined by
C W / 2 ) eqUiVU CNOT. (1.139)
You can see that CNOT is reachable from this as follows: 
u ( 0 ,0 ,, / 2) =  |0 ><0 |® /  + |l )< l |® e ‘<*'2>z
/ ein/2 q
=  |0 )<0 |® /  + |1 ><1 | ® (  0  e_ to/!
f l 0 0 0 > fo 0 0 0  >
0 1 0 0 0 0 0 0
+
0 0 0 0 0 0 ein/2 0
\ 0 0 0 \ * 0 0 e-*7r/ 2y
f l 0 0 0  ^
0 1 0 0
0 0 i 0
v> 0 0 - * /
where equation (1.132) has been used.
It is easy to reach CNOT from this: one simply applies the identity 
H Z H  =  X  to qubit B, where H  is the Hadamard gate:
{IA ® Hb)U(0 ,0,n/2)(lA <8> Hb)
f l 1 0 0  > A 0 0 0  > f l 1 0 0  >
1 1 - 1 0 0 0 1 0 0 1 1 - 1 0 0
V2 0 0 1 1 0 0 i 0 75 0 0 1 1
1° 0 1 -v 0 0 - y 0 1 -v
/ 1  0  0  o \
0  1 0  0
0  0  0  i
^0  0  i 0 )
(1.141)
All that is needed to reach CNOT now is to apply the phase gate
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to qubit B:
(IA ® S b ){Ia <S> H b)^(0,0,7t/2){Ia ® # b )  =
(l 0 0 0 > fl 0 0 0^ fi 0 0
0 1 0 0 0 1 0 0 0 1 0 0
0 0 —i 0 0 0 0 i 0 0 0 1
0 0 V v > 0 i V V > 0 1 V
^CNOT-
(1.143)
9. So in fact, the goal is to reach {/(o,o,tt/2) :
• First, use I/(o,o,2 |<j!>|) a number of times q —
• If 2|0| doesn’t exactly go into 7r/2, an extra gate is needed for the 
remainder:
Um where 0 < |m | =  — — 2q\(p\ < 2|0|.
• To obtain Um the following controlled rotations are useful:
t W )  =  (^O,O,2|0|) (^O,O,-2|</)|)
^(0,0,4101) — ^(O,O,2|0|)^(O,O,2|<A|)
(1.144)
• If n is chosen such that |n | =  2|0| then
Un =  t/(o,o,2 |<^>|) (1.146)
and thus one obtains another Um from
U m  =  U( 0,0,2|</>|)^n- (1 -1 4 7 )
In this Um, |m | varies continuously as a function of n, so by the Inter­
mediate Value Theorem it must pass through all the angles between 
0 and 4|0|. So a suitable choice of n gives |m | =  |  — 2q\(f>\.
• So, since t/(0,o,|m|) =  Um, one gets
^(o,o,7r/2) =  ® A)Um (I 0  (1.148)
where A  is an appropriate one-qubit gate.
10. Hence, CNOT can be implemented using a combination of any entangling 
U and one-qubit gates.
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Quantum logic gate m odel o f the teleportation  protocol
It is possible to model the teleportation protocol, which was described in section 
1.3.2, as a quantum logic gate circuit. This has the advantage that Alice does
not have to perform a Bell state measurement. Under this model, Alice performs
a CNOT on qubit 1 (the qubit whose state is to be teleported) and her half of 
the Bell pair (qubit 2), using qubit 1 as the control line. This has the following 
effect on the state of all three qubits from equation (1.114):
1 * 1 2 3 ) '  : =  l $ , O T l * 1 2 3 >
=  —7=(IT)lli>2li>3 -  IT>llT)2|t>3) +  ^=(U) l | t>2 | i>3  -  I D l l l M T h )
( 1 .1 4 9 )
She then performs a Hadamard transform on qubit 1:
IT>i -  (^IT>i + li>i)
l i ) i  -  ^ = ( I T > i - l i ) i )  ( 1 1 5 0 )
hence
l * 1 2 3 > " : = f f l l * 1 2 3 > '  =  f  ( I T> 1  +  U > l ) ( l i > 2 l i > 3  -  I T ) 2 | t > 3 )
+  | ( I T > 1  -  U ) l ) ( t t > 2 l i > 3  -  l i > 2 | T > 3 )
=  2  ( t T ) l l t ) 2 ( —°IT>3 +  * | 1> 3)  +  I t ) l l l ) 2 ( u | l ) 3  -  h|T>3)  +
ll). |T>2(-a|T>3 -  f>U)3) +  U)lU)2(a| l>3 +  »|t>3))
(1 .1 5 1 )
One can see that this is the same as equation (1.115), except that Alice’s qubits 
are in a pure product state rather in Bell states. These are considerably easier 
for Alice to measure. Thus, Alice measures which pure product state her qubits 
are in, and she and Bob complete the protocol as described previously.
1.4 Conclusion
This chapter has outlined some of the necessary tools and concepts in quantum 
information theory, and some of its most common applications. The following
59
chapters consider how these methods can be applied to describe 
of indistinguishable particles. quantum states
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Chapter 2
Entanglement of 
indistinguishable particles
2.1 Introduction
As shown in chapter 1, the peculiarly non-local correlations exhibited by the 
states of quantum systems are key to the implementation of quantum infor­
mation processing technologies, such as quantum computation and quantum 
teleportation. However, it is easily shown that the correlations due to the 
(anti)symmetrization of the states of indistinguishable bosons (fermions) are 
not themselves a physically useful resource for quantum information technologies 
(QIT): for example, there is no measurement one can make locally on a fermion 
in a localized state which is affected by the existence of identical fermions in 
other parts of the universe [37]. However, it is possible to produce entanglement 
that is a resource for QIT by suitable preparation: for example, by producing 
a Bell state of the spins of two fermions. Indeed, in practice, all potential 
implementations of QIT involve identical particles (such as photons, electrons, 
or protons) as ‘carriers’ of entanglement.
For example, any proposal for a solid state implementation of quantum com­
puting will almost certainly use states of indistinguishable particles to carry the 
qubits. Examples of such proposed implementations are the Kane computer [2], 
and Loss and di Vincenzo’s proposal [38]. It is therefore important to be able to 
quantify the degree of ‘useful’ entanglement in a system of identical particles.
61
Figure 2.1: Positioning of ‘A’- and ‘J ’-gates relative to donor nuclei in the Kane 
quantum computer (reproduced from [2]).
A-Gates iT 
S  J - G a t e >s*-Ei. rfi e l
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Si j -------
2.1.1 W hy the focus on fermions?
There is a particular focus on one particular class of indistinguishable particles 
in this chapter - fermions. Why is this?
Fermions are the m atter particles of our universe - protons, neutrons, and 
electrons (which are of special relevance to QIT) are all fermions. Also, ap­
proximately half of all atomic nuclei are fermions. We thus need to understand 
entanglement between fermions to understand entanglement in metals, liquid 
3He, and cold, degenerate gases.
Plus, entanglement in bosons is better understood, as photons are bosons 
and their entanglement has been well studied by the quantum optics community. 
Also, the canonical two-state system used to study entanglement is the spin-half, 
which due to the spin statistics theorem, must be a fermion.
2.1.2 The Kane proposal
Kane proposes a solid-state quantum computer in which the qubits are carried 
by spins of 31P donor nuclei (spin | )  in a 28Si (nuclear spin 0) substrate. The 
hyperfine interaction couples the spin of a 31P nucleus to its excess electron 
(which is localized because the system is kept cool). The nuclei and associated 
gates are arranged as in Figure 2.1.
Single-qubit operations (such as the Hadamard transform) axe performed by 
‘A’-gates positioned above the 31P nuclei: these perform single-qubit operations 
on them by manipulating the associated electron. The coupling is thus
V J
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hyperfine
Two qubit operations (such as the CNOT gate) are performed by ‘J ’-gates 
positioned above the midpoint between pairs of 31P nuclei. These control the 
strength of the exchange coupling between their associated electrons, and thus 
the strength of the coupling between the nuclei. The coupling is thus
,  h y p e r f i n e  ,  ,  e x c h a n g e  ,  ,  h y p e r f i n e  ,nucleus *-—> electron <— > electron *— ► nucleus
Usw&p is achieved by exploiting the energy difference between two different 
entangled nuclear spin states: 110 +  01) can be (controllably) raised with respect 
to 110 — 01) by huj. Hence
|1 0 (t))  =  e - ^ o t ^ e - 2 n i v j t  +  +  (e - 2 n i u j t  _  y  ^
so by allowing evolution for t =  we swap 110) to |01). So the implementation 
of the swap gate (and hence of the CNOT gate) in the Kane computer explicitly 
depends on being able to entangle the spin states of nuclei.
To read qubit values, one transfers the nuclear spin polarization to the elec­
tron and determines the nuclear spin state by its effect on the orbital wavefunc- 
tion, via capacitance measurements.
2.1.3 W hy is quantifying entanglement between indistin­
guishable particles a problem?
Discussion of the entanglement between pure states of indistinguishable particles 
has previously been dealt with almost as a separate topic from that of distin­
guishable particles. It is the aim of sections 2.3 through to 2.7 to show that the 
entanglement of pure states of either type of particle can be described within 
the same theoretical framework. This framework involves the von Neumann 
entropy of the reduced density matrix for the subsystem whose entanglement 
with the rest of the system we wish to find, expressed in an occupation number 
basis [39]. This also allows us to understand better the division between spin 
and spatial entanglement in systems where both may exist, and the manner in 
which entanglement may be transferred between spin and space. It is important 
to emphasize that in sections 2.3 to 2.7 only pure states of the full system are 
considered. It is already known that for such states the von Neumann entropy 
provides the correct measure of entanglement between two distinguishable sub­
systems [40]. The case of an overall mixed state, for which (as discussed in
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section 1.2.9) the definition of an entanglement measure is more subtle [41], is 
not addressed.
In section 2.3 the partitioning of Hilbert space that is implicit to any mean­
ingful definition of entanglement is discussed. In section 2.4 some requirements 
for a successful entanglement measure are reviewed, and in sections 2.5, 2.6, 
2.7 the extent to which three potential definitions meet these requirements is 
considered. In section 2.7 it is demonstrated that one of these definitions, the 
site entropy measure due to Zanardi, passes all the tests, and can be related 
to the conventional definition of entanglement in the limit where the exchange 
symmetry of the particles is irrelevant.
Finally, the entanglement predicted by Zanardi for one particular system, 
the doubly-occupied bonding molecular orbital, is justified in section 2.9, which 
presents a teleportation protocol capable of teleporting two qubits. This is 
consistent with the entanglement value of two ebits predicted by Zanardi.
2.2 There is no entanglem ent due to the overall 
sym m etry o f the wavefunction
This section shows that the (anti)symmetrization of the wavefunction of two 
indistinguishable particles, which may be in remote locations from one another, 
does not lead to any measurable entanglement. W hat does ‘remote’ mean in 
this context? Broadly speaking, the length scale of the measuring apparatus 
required to perform a given quantum measurement defines what is ‘remote’ for 
that particular measurement. For example, if A  represents a measurement that 
cannot be performed with equipment bigger than one metre, then a state \(j>x) 
localized more than one metre away is ‘remote’.
2.2.1 Definition of a ‘rem ote’ state for any measurement
More generally, the state \4>x) located at site X  is ‘remote’ with respect to 
site A  if ||^4|<^x)|| is vanishingly small for any operator A, where A  represents a 
quantum test performed at a location near to site A. Using Schwarz’s inequality, 
one has
\{4>y \A(Px )\2 < (4>Y\<t>Y)(A<t>x\A4>x)
=  (M4>y ) \ \M x \?- (2.2)
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Thus since ||A 0x || is vanishingly small, any matrix element of the inner prod­
uct of A\(f>x) with some other state |0y), which may not be remote, is also
vanishingly small.
2.2.2 Entanglement and overall sym m etry
The overall (anti)symmetrization of the wavefunction for two bosons (fermions) 
applies to any two such particles in the universe. However, i t’s easy to show 
that this has no effect at all on any measurements one makes on just one of 
those particles [37]. Suppose that Alice and Bob each possess a particle of the 
same type (fermion or boson). Alice prepares her particle in the state 4>a and 
Bob prepares his in the state 0#. Then, the overall state of the two partic les, 
which are labelled ‘1’ and ‘2’ will be
where the first state in each tensor product is that of particle 1, and the second 
state is that of particle 2.
where the same ordering convention as above has been used for each tensor 
product. Nielsen and Chuang [42] give the following identity for linear operators
(2.3)
Now suppose that Alice can perform a measurement of an observable A. In 
order that this operator is agnostic as to whether it is particle 1 or 2 in Alice’s 
possession, it must be written
A ® 7 + / ® A (2.4)
A  and B  acting respectively on |v) and |iu):
( A  ® - B ) ( |f )  0  |w)) — A\v) 0  B\w). ( 2 . 5 )
Thus the expectation value of this operator in the state ^ 1 2  is
7 + 7® A|^i2) =
—j=('f'i2\A<j>A 0  4>B ±  4>B 0  A(/>a )
= - 7 = (-7 = [0.4 0  0B ±  (f>B 0  (t>A]\A(f>A 0  0B ±  0 s  <8> A^a)
( 0 j 4  I A | 0 / l )  ®  ( 0 b | 0 b )  +  ( 0 B | 0 B )  0  ( 0 ^ 1 ^ 1 0 , 4 )=  2 ^ ^ l ^ l / B | B b | b 1 0 ,
= {4>a \A\4>a )‘ (2 .6 )
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So the expectation value of Alice’s observable A  has not been affected in any 
way by the fact that the joint state of her and Bob’s bosons (fermions) is 
(anti)symmetrized. The entanglement of an indistinguishable particle with any 
other indistinguishable particle in another, possibly remote, location has no 
measurable consequences.
2.3 M ethods o f partitioning H ilbert space o f two 
entangled spinful particles
Implicit to any measure which attempts to describe the entanglement of two 
subsystems is an assumption about the correct manner in which to partition 
the total Hilbert space. This section considers the requirements for a correct 
partitioning, and looks at how this is actually performed by existing entan­
glement measures. It will frequently be necessary to talk about the states of 
internal degrees of freedom of particles. Therefore, for brevity any states of such 
internal degrees of freedom will henceforth be referred to simply as ‘spin states’.
2.3.1 Requirements for partitioning  
Tensor product structure
In order to express entanglement between two components of an entangled sys­
tem, some kind of partitioning of their Hilbert space is necessary to identify the 
‘components’. The aim is to quantify the entanglement resource shared between 
parts A  and B  of a composite quantum system. These parts may be identified 
with particles (in the case of a state of the system where the particles are lo­
calized), with sites (in the case of a state of the system where the particles are 
delocalized over sites), or with some arbitrary subdivision of an experimental 
apparatus (as will be examined in section 3.4.4). For the purposes of the greater 
part of this thesis, subsystems of a system will be considered to be synomymous 
with sites. But it is important to emphasize that the conclusions made here are 
more general: they apply to any division of a system into subsystems.
For entangled states of distinguishable particles (or particles which are ef­
fectively distinguishable because of their localization) one would normally use a 
tensor product structure H  =  H a ® H b where H a and H b are Hilbert spaces 
for states of particles in parts A  and B. It is important that we correctly par­
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tition the Hilbert space because this ensures that basic operations such as the 
partial trace p s  := tr#p  (defined in section 1.1.7) are valid. The partial trace is 
the correct and only way to describe the properties of one part of a composite 
quantum system when nothing is known about the other parts, as it gives the 
correct measurement statistics for observations on that subsystem [6].
But if one attempts to use the tensor product structure partitioning for 
entangled states of indistinguishable particles, two problems are encountered:
• The Hilbert space of two indistinguishable particles is a symmetric or 
antisymmetric product, not a direct product.
• There is no correspondence between the particles and the subsystems used 
in the partitioning.
Delocalization
For spin-only entangled states of distinguishable particles—i.e. states where we 
have unambigously given one particle to Alice, and the other to Bob—the phrase 
‘the states of Alice’s spin’ is completely equivalent to the phrase ‘the states of 
Alice’s particle’. There is no ambiguity about which particle Alice has in her 
possession at any time, and therefore there is no logical difference between a 
one-site (local) unitary transformation, and a one-particle (possibly non-local) 
unitary transformation. Thus when deciding on a basis in which to describe the 
spin-only entanglement of a system of distinguishable particles it may seem a 
matter of taste whether spin states should be assigned to particles, or to sites.
However, it is perfectly possible to write down states in which each particle 
is shared between Alice and Bob. An example of such a ‘spin-space entangled 
state’ is obtained if particle 1 is put into ;^ (A  |  +B  |)  and particle 2 into 
;^ (A  I + B  |) ,  where A, B  are site labels, ie.
I*>12 = i ^ r > ( l )  + |ST)( l )  +  Mi>(2) + |B|>(2) )
± 5  ( m  T>(2) + |B T>(2) + \A |>(1) + |B D ( l) )  (2.7)
In d is tin g u ish ab ility
When the entangled particles are indistinguishable, one can no longer be sure 
which particle Alice has in her possession. The distinction between one-particle
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unitary transformations, and one-site unitary transformations becomes relevant. 
Entanglement should be invariant under one-site unitary transformations, but 
not necessarily under one-particle unitary transformations, which may generate 
entanglement if they involve both subsystems. An entanglement measure which 
works successfully for indistinguishable particles must respect this distinction.
The natural way to achieve this distinction is to use a basis which assigns 
spin states to sites rather than particles.
2.3.2 Partitioning used by existing entanglem ent measures
When partitioning the total Hilbert space of two entangled quantum systems, 
we need to ask ourselves:
• For indistinguishable subsystems: to what extent can my system be re­
garded as a symmetric/antisymmetric product of the single-subsystem 
states?
• For distinguishable subsystems: to what extent can my system be regarded 
as a direct product of the single-subsystem states?
In most descriptions of entanglement, the tensor product structure is used, 
for example in the entanglement measure introduced by Wootters [9]. This mea­
sure is suitable for spin-only entanglement of localized distinguishable particles. 
However, it does not describe which site a particle occupies, so is not suited 
to describing either entangled indistinguishable particles, or entangled states of 
distinguishable particles where the ‘particle’ and ‘subsystem’ divisions do not 
coincide.
One example where indistinguishable particles have been treated is by Schlie- 
mann et al. [43] [44], who explicitly consider the antisymmetric product space 
belonging to two fermions, each of which inhabits a four-dimensional one-particle 
space. They write a general state in the six-dimensional two-particle Hilbert 
space as
\w) = wabc[cl\0) (2.8)
a ,6 € { l ,2 ,3 ,4 }
where a,b run over the orthonormalized single particle states, and Pauli exclu­
sion requires that the 4 x 4  coefficient matrix w is antisymmetric: wab =  —u’ba-
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It may seem that Schliemann’s partitioning is indeed in terms of sites rather 
than particles, since the single particle states are labelled by sites. But, as 
we shall see later, Schliemann’s measure is derived by considering the num­
ber of elemental Slater determinants needed to expand the entangled state. It 
is therefore actually a particle-based, rather than a site-based, description of 
entanglement. As a consequence, as will be shown later in this document, it 
suffers from a number of serious flaws; in particular, it is possible to devise 
one-site (i.e. local) transformations which generate ‘entanglement’ according to 
the Schliemann measure.
2.4 Desirable properties o f any entanglem ent m ea­
sure
W hat are the desirable properties of an entanglement measure?
2.4.1 Invariance under local unitary transformations
If a measure is correct, it should not be possible to generate ‘entanglement’ 
using only unitary transformations local to a particular site (as expressed by 
equation 1.56).
2.4.2 Non-invariance under some non-local unitary trans­
formations is not an undesirable property
Conversely, it should be possible to find non-local (i.e. multisite) unitary trans­
formations which change the entanglement.
2.4.3 Correct behaviour as distinguishability of subsys­
tem s A and B is lost
A correct measure should also reflect the fact that entanglement is affected when 
the distinguishability of the subsystems involved is lost. A simple example of 
this is as follows. For two fermions whose spin degrees of freedom are maximally 
entangled, we require that as the overlap of the single-particle spatial wavefunc- 
tions approaches unity the entanglement should asymptotically approach zero.
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This is easily seen by considering the full expression for the Bell basis states in 
terms of Slater determinants.
B ehav iour o f B ell s ta te s
If the two fermions are localized, one in site A  and one in site B, then the |\1,)± 
Bell state can be written
i*>± =  _ ^ ( i u )  ±  m »
where the full expression for |TI) is
l n > =  7 1
•Ml) t ( l )  0b (1) 1 ( 1 )  
< M 2 ) T ( 2 )  M 2 )  1 ( 2 )
(2.9)
(2 .10)
Here, (f>A and 0 s  are the spatial states corresponding to sites A  and B, and 1 
and 2 are the particle labels. When the two fermions are brought together to 
occupy the same site, the spatial parts of the two single-particle states coincide, 
i.e. <Pa —5* <t>B, and we have
i
n/5
m  r (i)
0(2)  T (2)
0(1)0(2)
v/2
0(1) I (1) 
0 (2) 1 (2)
T(l) 1(1) 
T(2) 1(2)
(2 .11)
where 0 is the sam e spatial state for sites A  and B.
A similar result is obtained for |f |) ,  but with an exchange of columns and 
therefore the same result applies for it as for |TI) but with an overall minus 
sign. Hence | | | )  and |XT) are now linearly dependent, and the behaviour of the 
entangled Bell state is:
±  4>a — >4>b  1  0 ( 1 ) ^ ( 2 )
l*> y/2 y/2
(1(1) i( i) ± 1(1) T(l)1(2) 1(2) 1(2) 1(2)
-  0(1)0(2) f 1(1) 1(2)— 1(1) 1(2)
± ( l( l)T (2 ) - t( l) ) (2 ) ) (2 .12)
70
and hence
i*>- -> < p ( i )m (2.13)
up to a normalization factor, whereas |^ ) + —» 0.
Thus the one ebit of entanglement present in a |^ ) ± state should be de­
approaches unity—in the case of |^ ) + because the state itself is destroyed, and 
in the case of I’F)-  because the entangled Bell state becomes a non-entangled 
product state. (At least, this is the case if neither Alice nor Bob can measure
state (f>.) A correct entanglement measure should reflect this fact.
For a pair of bosons in the |\I,)± state, exactly the same loss of entangle­
ment would occur, although the behaviours of |^ ) + and I'F)-  are exchanged, 
due to the change of sign introduced by the use of permanents rather than 
determinants.
Behaviour o f |$ )± B ell states
Both the |4>)+ and |<J>)-  Bell states are destroyed as the spatial overlap of the 
two fermions’ wavefunctions asymptotically approaches unity. This is readily 
seen by considering the behaviour of the determinants for the individual kets:
stroyed as the spatial overlap of the two fermions’ wavefunctions asymptotically
with spatial resolution sufficient to determine the substructure of the spatial
ITT)
j_ M l) T (l) M l) T (l) 
\/2 M 2) t  (2) M 2 )  T (2)
0(1)  T ( i )  0 (1 )  T ( i )  
* 0(2) r (2) 0(2) |  (2)
0 (2.14)
and similarly for | | | ) .  It is therefore easy to see that the Bell states are 
both destroyed as the spatial overlap increases:
2.5 W ootters m easure for distinguishable parti­
cles (tangle)
In his definition of entanglement, described in section 1.2.5, Wootters considers 
a general spin-state of two distinguishable particles where it is implicit that the 
particles are effectively made distinguishable by occupying definite and orthog­
onal spatial states. Since the tensor product decomposition of H  allows us to 
define a reduced density matrix p b  describing the mixed state of system B, 
the von Neumann entropy of p s  is a natural measure of entanglement. The 
Wootters entanglement is simply a reexpression of this.
Since J S w o o t t e r s  expresses the entropy of a single site, there is no single-site 
operation which can affect it.
The Wootters measure applies only when the particles are totally distin­
guishable by virtue of occupying distinct sites. But our aim is to describe more 
general states in which each particle occupies a superposition of sites—what 
happens if we simply go ahead and use the Wootters measure regardless? Since 
the Wootters measure does not depend on the nature of the spatial states, there 
is no way its value can change. So for example, there is no way that the Woot­
ters entanglement of a Bell state will ever be affected by the spatial overlap 
of the single-particle wavefunctions of the constituent particles.
2.6 Schliemann m easure for fermions
Schliemann et al. [44] define the entanglement of spin states of a pair of fermions 
by
r/(w) •.= |(<Z|w)|, (2.16)
where the dual w of w is defined by
wab =  7,eabcdwcd (2.17)
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and the coefficients wab are as defined in equation 2.8. The inner product is 
expressed as
A similar definition was introduced for a pair of bosons by Paskauskas and 
You [45]. However, their equivalent of Schliemann’s w-matrix is symmetric, 
rather than antisymmetric as Schliemann’s is. This permits non-zero entries on 
the diagonals - these correspond to the doubly-filled states which are of course 
forbidden by the exclusion principle in a system of two fermions.
A comparison with Hill and Wootters’s pure state concurrence, in equation 
(1.48), shows that Schliemann’s measure is motivated by the desire to find an 
analogous measure for fermions, with the dual w as the ‘spin-flipped’ state.
2.6.1 Slater decomposition form
It is possible to relate the Schliemann measure 77 to the number of elemen­
tary Slater determinants that are required to construct the entangled state. 
The Hilbert space for a two-fermion, A'-site system is the antisymmetric space 
A(C2K <S> C2K). Any vector in this space can be represented in terms of single 
particle functions which are members of the single-particle space C2K, by 
the Slater decomposition
This is reached from equation 2.8 via a suitably chosen unitary transformation
The number of non-zero coefficients z* required to construct |^ ), i.e. the number 
of elementary Slater determinants, is known as the Slater rank of the entangled
(w\w) = ^ 2 w l bWcd{0\cbCa4 c ]d\0)
abed
= t abCdwabWcd
abed
= 8 (Wi2U>34 +  W13W42 +  W14W23)- (2.18)
(2.19)
(2 .20)
6
which implies that in the new basis
w' =  UwUT . (2 .21 )
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state. Then for a two-fermion two-site system, |^ )  has Slater rank 1 (consists 
of a single Slater determinant) iff ^ ( |^ ))  =  0.
2.6.2 Behaviour as overlap of single particle wavefunctions 
is increased
This entanglement measure behaves in the following way as the overlap is in­
creased between the single-particle wavefunctions of the particles, as is shown 
in Figure 2.2. As the fermions are brought together, the basis states 
{ITT), ITi), l i t ) ,  111)} are no longer orthogonal. Thus, orthogonalization was 
necessary, and this was achieved using Lowdin’s method [46, 47]. The orthogo- 
nalized version of w is given by
Worth =  M w M f (2 .22)
where the M  matrix
M  := (1 - S 2)*
^cosh(0/2) 0 sinh(0/2)
0 cosh(0/2) 0
sinh(0/2) 0 cosh(0/2)
y 0 sinh(0/2) 0
0 \  
s inh(# /2 )
0
cosh(0/2)J
(2.23)
in the Schliemann basis
A T , A | , B T , £ 1 (2.24)
and
5  :=  \(4>a\4>b)\
sinh(0) := ^  ,
V '  v / f ^ 5 2
cosh(0) := (2.25)
You can see that the M  matrix mixes together the spatial but not spin parts of 
the wave function, e.g. it connects A  |  with B  | ,  but not with A J. or B  j.
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Figure 2.2: Schliemann entanglement 77 of all Bell states vs overlap S  = \{<i>a\<t>b)\ 
of single particle states.
n
0.
0
0 .
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2.6.3 Relation to  W ootters measure
Let us consider how the Schliemann measure works for the class of states con­
sidered by Wootters:
i0> = a im  +  &m) +c i i T>+d i u> ,
M 2  +  l*>l2  +  M 2  +  M l2  = 1  (2-26)
In the representation used by Schliemann, we can write the ic-matrices for the 
two-particle basis states in the basis as
^ 0 0 12 0 > (o 0 0 0 ^
0 0 0 0 0 0 0 12
—
1
2
=0 0 0 0 0 0 0
\ * 0 0 < V v > 12 0 0 /
1 0 0 0 (q 0 0
0 0 0 0 0 0 10 0=
0 0 0 = 12
z
0 0 0 0
\ - h 0 0 V V > 0 0 0 /
(2.27)
Therefore the state considered by Wootters,
| 0)  =  a |T t)  +  6 | t | ) + c | i T )  +  d | U ) ,
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|a | 2 16|2 +  |c | 2 +  \d\2 = 1 , has the coefficient matrix
< 0 0 a
1 0 0 c d
2 —a —c 0 0
{ - b - d 0 0/
(2.28)
and thus we obtain the relation
| ( wHI  - ' ^ c d=  \e wabwcd\
= |8(wi2U;34 + U? 13W42 +  ^14^23)1 
=  2 |ad — bc\ =  \ fr . (2.29)
Hence for the state of two distinguishable particles considered by Wootters, 
the Schliemann measure 77 is related to the Wootters ‘tangle’ r  by
77 = y/r. (2.30)
2.6.4 Non-invariance under local unitary transformations
We can however easily show that there are local (one-site) unitary transforma­
tions that generate ‘entanglement’ by the Schliemann measure. Consider this 
two particle state:
^  cs t )  y / 2 ^ A^ (2.31)
The physical interpretation of this state is that it describes a doubly filled ‘molec­
ular orbital’
W  +  | B)
v/2
(2.32)
where |4 ), \B) are the spatial states for sites A, B  respectively.
Its antisymmetric coefficient matrix is
/  . 1 . l \
1 . - 1  .
1 1 
V - l  . - 1  . /
giving a Schliemann entanglement of 77 =  0 (no entanglement, since it is a single 
Slater determinant).
1 1 1w —
2 y /2 V 2
(2.33)
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Now consider applying the infinitesimal one-site two-particle unitary trans­
formation (1 — ieH) with H = Uh a ^tiai- This purely local operation transforms 
the to-matrix to
/  1 — ieU
1 -1-1- ieU . —1
w  74 1
V - 1  - 1
which gives a Schliemann entanglement of 77 =  8 | ~™u 1 =  2eU which is non-zero 
to first order in e. We have succeeded in generating Schliemann ‘entanglement’ 
via a purely local unitary operation, something that it should not be possible 
to achieve.
(2.34)
2.6.5 Invariance under non-local unitary transformations
Although the conclusion does not necessarily indicate a problem with the Schlie­
mann measure, for the sake of completeness we now consider whether an in­
finitesimal two-site one-particle unitary transformation has any effect on Schlie­
mann entanglement. This example is generated by a Hamiltonian describing 
intersite hopping accompanied by a spin-flip:
(2.35)
(The spin-flip is introduced so that our state is not an eigenvector of H). The 
Hamiltonian’s action on our example state is
— 9c!4TCB t ^2~a \ -u \'~i ' (2.36)
Hence applying the infinitesimal unitary transformation (1 — ieH ) with this 
operator to our example state \ip) =  ^75 (<^4 T +  cBT^ 7^ 2 c^Ai +  cbi)I®)’ we obtain 
a w matrix with extra terms ±iet in the A  |  B  |  and B  { A  { locations:
w
( 0 1 —iet 1 N
-1 0 -1 —iet
+iet 1 0 1
l - l +iet -1 0  )
(2.37)
which has a Schliemann entanglement
1
r] =  § e2t2 = 0 (e2). (2.38)
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Thus, to first order in e, the Schliemann entanglement of our example state 
is unaffected.
2.6.6 Understanding the anomalous behaviour of the Schlie­
mann measure in term s of the Slater decom position
The Slater decomposition representation of an entangled two-fermion, two-site 
state described earlier provides a particularly simple way of understanding why 
the Schliemann measure does not behave correctly under either two-site one- 
particle or one-site two-particle unitary transformations.
According to Schliemann et al., a two-fermion two-site state is entangled 
iff it has a Slater rank greater than one. It is well-known that a one-particle 
unitary transformation applied to a Slater determinant will produce another 
Slater determinant, whereas a two-particle transformation will produce a su­
perposition of Slater determinants. Therefore any one-particle two-site unitary 
transformation will not affect the Slater rank of a state and so will not change 
the Schliemann entanglement, despite being a non-local transformation. Sim­
ilarly, all two-particle one-site unitary transformations will modify the Slater 
rank of a two-fermion two-site state, and therefore will change the Schliemann 
entanglement, even though they are local. Schliemann’s measure therefore fails 
to behave as we expect. The entanglement measures introduced in [45] and [48] 
suffer from analogous problems, since both are based on the rank of the state.
2.7 Zanardi m easure
Zanardi [39] considers the Fock space of N  spinless fermions in a lattice with L 
sites. The state space H l (N) for this system is given by
H l {N) := span{|A)/A G V (2.39)
where the antisymmetrized state vector |A) is given by the Slater determinant
\A ) :=  - 7 =  E  ®!=1 lfe< 0 > (2-4°)
P £ S n
and where P  is a permutation chosen from the symmetric group S n  which 
contains |P | transpositions and thus has parity ( — 1 ) ^ ,  V £  denotes the family
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of N-site subsets of the site labels, and \i>jP(l)) is the single particle state for the 
j th site where j is a member of the subset •
For some |^ )  £ H l {N), the local density matrix for the j th site is given by
where tr , denotes the trace over all but the j th site, and therefore the von Neu­
mann entropy of pj is a measure of the entanglement of the j th site with the 
remaining N-l sites. We will now show that, unlike the other candidates, Za­
nardi’s measure possesses all the desirable features of an entanglement measure 
that we have listed above. This is due to the fact that Fock space (to which this 
representation maps the Hilbert space of a set of indistinguishable particles) has 
a natural product structure.
2.7.1 Behaviour as overlap of single particle wavefunctions 
is increased
Section 2.6.2 considered how the Schliemann entanglement of a I'k—) Bell state 
of two fermions is destroyed as the overlap is increased between the single­
particle wavefunctions of the fermions. W hat happens to the Zanardi entangle­
ment of this state when the same process is performed?
To evaluate this, the same Lowdin orthogonalization code was used as in 
section 2.6.2, and the orthogonalized ic-matrix was then converted to the occu­
pation number representation.
To perform the conversion, one runs over the elements that lie above the 
diagonal, and for each one calculates the corresponding location in the Fock 
space vector. For example, the A  j  A  J. element in the w-matrix, tci2 , is the 
coefficient in the term
in the summation in equation 2.8, and thus is the 11100) element in the Fock 
vector. This element is set to twice the value in the w-matrix, due to the 
commutativity of single particle operators for fermions.
(2.41)
W12 c \ ^ A i \0) (2.42)
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This process yields the following ket:
l 1^  )o rth  —
S
y /2 ( l+ S*)
V/2(1+S2)
V2(l+Sa)
2(1+S2)
(2.43)
in the usual occupation number basis
{\nA\nA inBiriBi)} = (|0000), | 0 0 0 1 ) , J l l l l ) } . (2.44)
The results are shown in Figure 2.3. As S  —> 1, the Zanardi entanglement 
actually increases to 2 ebits. The cause of this can be readily understood by 
referring to the orthogonalization M  matrix given in equation 2.23. The orthog- 
onalization procedure produces these two single particle spatial basis states:
cosh (6/2) | A) +  sinh (6/2)\B) 
sinh (0/2) \ A) +  cosh (6/2) \B)
(2.45)
(2.46)
You can see from equation (2.25) that 5, the overlap between the single particle 
states, and 6 are related as follows:
1 9 oc. (2.47)
Thus as S  —► 1 these states will tend to an equal mixture of |A) and | B). It 
therefore becomes equally likely that one will find either no particles, a single
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Figure 2.3: Zanardi entanglement E  of a | ^ —) Bell state of two fermions vs 
overlap S  =  \{(f>a\4>b)\ of single particle states.
Zanardi E ebits
1.
1.
1
1
spin-up particle, a single spin-down particle, or two particles on a given site. 
This situation corresponds to two ebits of Zanardi entanglement, as has been 
seen previously.
2.7.2 Application to an example state
This section investigates further the properties of Zanardi’s ‘site entropy’ entan­
glement measure. For example, for the (fermionic or bosonic) state considered 
in a previous section
1^) = ^  C*b ^ '^ /2 ^ a L ^  CBJ.)I®) (2.48)
the density operator for the full system is
P = +  cb t)(c^1 +  cBi)l0)(°l(c^ i +  °b i )(caj +  cBT). (2.49)
81
One can now express this density operator as a density matrix in the binary 
occupation number basis, ordered in binary number order:
P = i ( 11100) +  |1001) -  10110) +  |0011))((1100| -  (0110| +  <1001| +  (0011|)
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 >
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 - 1 0 0 1 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 - 1 0 0 1 0 0 - 1 0 0 - 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 - 1 0 0 1 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 - 1 0 0 1 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 )
in the basis
{\nA]nAin B]nBi)} { |n^Tn ^ |)}  <g> {|n B^nBl)}
{|oo), |01), |10), |11)}®2 
(loooo), | o o o i ) , | o o i i ) ,  
loioi),|ono),|oin), 
|1000), |1001), 11010), |1011), 
|1100), |1101), |1110), |1111)}.
(2.50)
(2.51)
Note that this basis is a tensor product of the occupation number bases for site 
A and site B, and is thus suited to expressing the entanglement between those 
two sites. As will be seen later, in section 6.4.4, if instead one were to take the
82
00
33
tensor product of two single-spin, two-site bases
{\nA^nB^nAinBi)}  =  {In^T^st)} ® {ln ^ in s i ) } ’ (2-52)
the density matrix obtained would contain sign changes from the above density 
matrix. These sign changes correspond to the action of the (anti)-commutation 
relations for fermions (bosons). However, using the above density matrix ex­
pressed in equation 2.51, one can reduce the matrix to site B  by tracing out 
states of side A  using combinations of uai =  0,1 and uai =  0,1 since the 
number of particles on site i 4 i s 0 , l | , l | , o r 2 .  Thus one performs
\0  0 0 1 /
in the {n s j ,n B i}  =  {0,0}, {1,0}, {0,1}, {1,1} basis. The von Neumann entropy 
of this is
Therefore, according to Zanardi’s site entropy entanglement measure this 
example state contains two ebits of entanglement. By contrast, as has been seen 
above, the Schliemann measure gives zero entanglement for this state. Section 
2.9 gives an explicit construction showing that two qubits may be teleported 
using this state, further supporting the entanglement value given by the Zanardi 
measure.
Pb =
(n A i , nA 11 (risi , n B[ |p|n'BT, n'B i) \nA^, n A[),
(2.53)
g iv in g
/ l  0  0  o \  
1 0  1 0  0 
4 0 0 1 0
(2-54)
(2.55)
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2.7.3 Behaviour under unitary transformations
O ne-site two-particle (local) unitary transform ations
As before, one applies the infinitesimal one-site, two-particle unitary transfor­
mation (1 — ieH) with H  =  Uu a^ a i - The result is
Pb
( l  + e2U2
\
, \
V
(2.56)
Hence, unlike the Schliemann measure, to first order in e the site entropy mea­
sure is invariant under one-site two-particle unitary transformations. This is the 
correct behaviour for an entanglement measure: one cannot generate or destroy 
entanglement through a purely local unitary transformation.
Tw o-site one-particle (non-local) unitary transform ations
Let us apply the transformation generated by
H  +  cBiCj4 t) (2.57)
to the doubly-filled molecular orbital |^ >) =  cbj.)|0)-
Tracing out site A, we obtain the reduced density matrix for site B,
Pb =
( l
\
1
+2 iet
—2 iet 
1
\
V
(2.58)
in the {u b^ u b j.} =  {0,0}, {1,0}, {0,1}, {1,1} basis. To first order in e this is 
not equal to the untransformed ps- Therefore, two-site unitary transformations 
can modify entanglement in the site entropy picture, even if they only operate on 
one (delocalized) particle. This conclusion is as we would expect. The reduction 
in Zanardi entanglement caused by this non-local U is plotted in Figure 2.4, for 
the allowed values of et.
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Figure 2.4: Zanardi entanglement E  of the doubly-filled molecular orbital after 
the application of the non-local unitary transformation generated by equation 
(2.57).
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2.7.4 Site entropy measure applied to a com pletely gen­
eral state
Bosonic particles.
Let us now apply the site entropy description of entanglement to completely 
general two-particle, two-site states. Since the case of bosonic particles does 
not have the additional complication of the exclusion principle, we consider it 
first. The state can now be written in terms of the u;-matrix as
H  =  w*bblbl\0) (2.59)
a ,6G {l,2 ,3 ,4}
where 1,2,3,4 =  .<4 T, .A £  j  label any set of internal degrees of freedom,
and w is now a symmetric coefficient matrix.
Transforming this to the site-spin occupation number basis 
and tracing out the states of site A , we obtain a reduced density matrix for site B  
of block diagonal form, where each block corresponds to a particular occupancy
85
(0,1, or 2 bosons) of that site.
^bosonicPb
^  P b , o
V
P b , i (2.60)
P B , 2J
This is a 6 x 6 matrix, rather than the 4 x 4 p s  we previously obtained for the 
two-fermion state, because Bose-Einstein spin statistics permit the extra site-B 
double-occupancy states B  |  B  T and B  [ B  [.
The ‘zero particles on site B ’ component is
P b , o =  l ^ n l 2 + 1^2212 +  4|wi2|2
The ‘one particle on site B ’ component in the B  f , B  [ basis is
Pb
_ /  4 |w i 3 |2 + 4 11/^2312 4 ^13^14 + 4^23^24^
I 4wl3Wi4 +  4^3^24 4|wi4|2 +  4|w24|2 /
(2.61)
(2.62)
Finally, the ‘two particles on site B ’ component in the 
{B  T B  [ ,B  T B  T,B j B  |}  basis is
\
P b , 2 =
Fermionic particles
 ^411^3412 
2^34^33
^2^4^44
2WZ4W^3 2^34^44
|W33|2 W33W*AA
W 33W44 \U)4412
(2.63)
Obtaining an expression for p s  for a completely general fermionic state is simply 
a matter of applying the Pauli exclusion principle to pb°sontc. Under Fermi-Dirac 
statistics, the only possible two-particle state on site B  is B  |  B  j, meaning 
that the two-particle part of pb  is reduced to the l x l  submatrix
( P 2 , . s ) f e r m i o n i c  =  ( 4 1 1/ ^ 341 )  ( 2 . 6 4 )
Similarly, the only possible two-particle state on site A  is A  |  A  j , meaning 
that the probability of zero particles on site B  is given by 4|u>i2|2. Hence the 
zero-particle part of pb°sontc js
(P0,b ) f e r m i o n i c  =  ( 4 1 1 / ^ 1 2 1 )  ( 2 . 6 5 )
The one-particle part of pb£ sontc is by definition not affected by Pauli exclu­
sion, and therefore ( p i , s ) f e r m i o n i c  has the same form as (p \ , b ) b o s o n i c ,  as given 
in equation 2 . 6 2 ,  although the actual values of the {wnrn} are not necessarily 
equal.
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2.7.5 Relationship to  W ootters tangle
The origin of the Wootters entanglement measure is now readily understood. It
density matrix in the occupation number representation for site B. Wootters’s 
‘general state’
where the kets represent |<ra & b ) ,  can be rewritten in the occupation number 
basis |ha  T ua  1 «b  T n s  I) as
Tracing out site A  yields the following reduced, correctly normalized, density 
matrix for site B  in the B  ] ,B  [ basis:
2.7.6 Relationship to  ‘m ode’ picture of entanglement
The Zanardi measure is consistent with the ‘mode’ picture of entanglement 
developed by van Enk [49]. According to him,
”In the quantum theory of light, which is a second-quantized the­
ory, it is not the ‘particle’, the photons, that form systems, but
is simply the von Neumann entropy of the one-particle part p f  of the reduced
| 0 ) = a | T T ) + 6 | U ) + c | l T )  +  d | U ) ,
la |2 +  |6 |2 +  |c |2 +  |d | 2 =  1 (2 .66)
a |1 0 1 0 ) +  6 | 1 0 0 1 ) -I- c|0 1 1 0 ) + d|0 1 0 1 ). (2.67)
(2 .68)
with eigenvalues
^(1 — \ / l  — 4|ad — 6c|2), ^(1 + y / l  — 4 |ad — bc\2). (2.69)
Applying the simplifications r  =  4|ad — 6c | 2 and x  =  | ( 1 4- \ / l  — r )  these reduce 
to 1 — x, x. Thus the entropy of p# is
S (p b ) = ~(x\og2x  +  (1  -  z)log2(l -  x)) (2.70)
which is identical to the Wootters result for entanglement given by
E  = h \ \ (  1 +  v T ^ T )]. (2.71)
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rather the EM field modes... the amount of entanglement depends 
on the definition of the modes... Entanglement between two partic­
ular modes and the very definitions of the modes are only useful if 
one can perform measurements on those modes” .
He describes how unitary transformations may be made between different ‘def­
initions’ of modes. Then he shows that for two photons occupying a system 
of four modes, the minimum entanglement is Emin =  1 , and the maximum is 
£ max = 2. Clearly, this value of E m&x is consistent with the value found in 
section 2.7.2 for the Zanardi entanglement in the doubly-occupied molecular 
bonding orbital.
It is also completely consistent with the study in section 2.7.1 of the be­
haviour of the Zanardi entanglement of a 1^—) Bell state as the overlap between 
the single-particle wavefunctions of the fermions is increased. It was found that 
the entanglement actually increases from one ebit at zero overlap to two ebits 
at maximum overlap. Thus, the orthogonalization of the basis states used in 
that exercise is equivalent to van Enk’s method of performing unitary transfor­
mations between different modes.
Hines et al. [50] have used van Enk’s mode entanglement picture to study 
the entanglement between two tunnel-coupled Bose-Einstein condensates, and 
between the two chemically distinct components of the atom-molecule Bose- 
Einstein condensate. According to them, ’’the entanglement is only meaningful 
if the system is viewed as a bipartite system, where the subsystems are the two 
modes” .
2.8 Vaccaro’s accessible entanglem ent, Ep
Vaccaro and co-workers have investigated the question of how much Zanardi or 
mode entanglement is actually available for use.
Vaccaro and Wiseman [51] point out that in order to make full use of the 
mode entanglement, it is necessary to change the number of particles at sites A  
and B. In other words, fully exploiting Zanardi entanglement will violate local 
particle number conservation.
Consequently, they propose a new measure called available entanglement, 
Ep, which quantifies the entanglement available to Alice and Bob if they can 
only perform operations which respect local particle number conservation. Ep
thus gives the mode entanglement under an SSR for local particle number con­
servation. SSRs are discussed in chapter 4, and section 4.3 finds that the value 
obtained for the Zanardi entanglement of the doubly-occupied bonding orbital 
under the SSR for local particle number conservation is the same as the value 
of Ep.
As the next section points out, in the case of bosons, one can circumvent 
the objections of Vaccaro et al. by using a coherent state as a source/sink of 
particles. Local particle number conservation is therefore not violated, as the 
complete state of site A is a product of the coherent state plus Alice’s half of 
the system that contains mode entanglement between sites A  and B.
A subsequent paper by Vaccaro and Anselmi considers what role the phase 
plays when using this coherent state technique [52]. They argue that the lack 
of a shared reference phase between Alice and Bob results in the entanglement 
being reduced to the value Ep; we shall return to this point in section 2.9.4 
below.
2.9 Teleporting two qubits using an exam ple de­
localized state
2.9.1 Protocol design.
Consider again the delocalized state
W) — (2.72)
Since the Zanardi measure says it contains two ebits of entanglement, we should 
be able to teleport two qubits of quantum information using it. The standard 
teleportation protocol was described in section 1.3.2. Clearly, since the two ebits 
are spread across spin and spatial degrees of freedom, we shall need to modify 
the original protocol somewhat. How can this be done?
The key to teleporting via the delocalized state (2.72) lies in recognizing 
that the two ebits in the delocalized state are equivalent to two pairs of qubits, 
each of which is maximally spin-entangled (‘channel pairs’), and making the
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following isomorphism:
(2.73)
This connects the occupation numbers of the single particle states of Alice’s site 
to the states of Alice’s channel-pair qubits a  and (5 in the spin-only representa­
tion.
Recall that a CNOT performs
I T T )  - >  I T T ) ,  I T T )  -  I T T ) ,  I T T )  -  I T T ) ,  I T T )  - » I T T ) (2.74)
i.e. we flip the second qubit in a basis state iff the state of the first (control) 
qubit in that basis state is ‘up’. W hat does a CNOT on one of Alice’s two 
channel-pair qubits look like after applying the above isomorphism? Using this 
basis for the states of one of the source qubits (C ) and Alice’s site (A):
{ \ n ^ n Cin M n Ai)} = { |1 0 0 0 >, |1 0 1 0 ), |1 0 0 1 ), |1 0 1 1 ),
|ono), |oioi), |oiii)}
(2.75)
we obtain the following unitary transformation for the first ‘virtual’ qubit, which 
we call a:
Ua =
(0 1 0 0 0 0 0 o\
1 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
{o 0 0 0 0 0 0 ij
(2.76)
The action of this is thus:
|1000) <-► |1010) , | 1001) ^  |1011), 
lO ln^in^j) unchanged. (2.77)
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Referring to the isomorphism in (2.73) we see that this U flips the first ‘virtual’ 
qubit a  in Alice’s half of the delocalized state iff the control qubit C  is spin-up. 
Similar considerations lead to a similar unitary transformation for the second 
‘virtual’ qubit /3. We also note that since we are teleporting two qubits, we need 
to send four classical bits to complete the protocol.
2.9.2 Protocol implementation.
The two CNOTs described above will clearly allow us to exploit the two ebits 
of entanglement present in the delocalized state. However some consideration 
needs to be paid to how we can implement these CNOTs. Considering again 
the first ‘virtual’ qubit, the Hamiltonian we can use to generate equation (2.76) 
is
Hr |1 0 ) c c ( 1 0 |^ |0 0 ) ^ ( 1 0 | +
|10)aa<00| + 111)^(01| +  |0 1 )^ (1 1 | 
\ { ° z , c  +  1 ) ^ T + c AT
1 0 
0 0,
^0 1 0 0>
1 0 0 0
0 0 0 1
lo 0 1 oj
0^ 0 0 0> 0^ 1 0
1 0 0 0 + 0 0 0
0 0 0 0 0 0 0
0 1 V lo 0 0
(0 1 0 0 0 0 0
1 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
\0 0 0 0 0 0 0 o)
(2.78)
in the usual occupation number bases for the single spin matrices, and double­
spin matrices respectively. Ua can then be obtained through a straightforward
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exponentiation:
Ua =  - i e x p [ i H a -
(0 1 0 0 0 0 0 0 \
1 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
{o 0 0 0 0 0 0 V
(2.79)
The first expression given above for H a used the bases
\n c \n c i)  and (2.80)
In the second expression for H a , the projectors for the occupation number
state of site A  were reexpressed in second-quantized notation. Similarly, the
Hamiltonian generating a CNOT on the second ‘virtual’ qubit is
Hp = ^ ( a z,c + l ) ( c ^ c \ l + c AiCAi;'j. (2.81)
Neither of these Hamiltonians conserves particle number, thus we need to 
introduce a coherent source/sink of particles to the system. We shall see in a 
moment that we can easily do this for bosons. Introducing a system D  which 
acts as a particle source/sink, Ha becomes
Ha =  |1 0 ) c c ( 1 0 | ( c\ ^ cd +  c^DCA^j- (2.82)
At this point we face a problem. By changing the number of particles in 
system D  as a consequence of our CNOT, we are introducing new correlations 
between the states of subsystems A  and D. This is thus a type of decoherence 
affecting the entanglement of the ‘carrier-pair’ AB. This is clearly unavoidable 
in a real-world system, but we can show that for bosons, by choosing a suitable 
initial state for subsystem D  we can minimize this decoherence to a negligible 
level. We seek to put system D  in an approximate eigenstate of the creation 
and annihilation operators, so that they leave it unchanged and no decoherence 
of the entanglement in the A B  carrier pair occurs. A suitable choice is the 
coherent state
\a)D =  e x p ( - - |a |2) In)D. (2.83)
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It is well known that this state is an eigenstate of the annihilation operator, a fact 
which suits our requirements perfectly, but it is not an eigenstate of the creation 
operator. However, as the mean number of particles |a | 2 in the coherent state 
asymptotically approaches oo, the state asymptotically approaches an eigenstate 
of the creation operator.
In a real-world system, how does the decoherence introduced to the system 
relate to the number of particles in the source/sink system? Ozawa [53] has 
looked at implementing a Hadamard gate using the standard spin-up, spin- 
down computational basis, with a control system coupled via a rotationally 
invariant interaction such as the Heisenberg exchange interaction. He finds 
that the decoherence caused by the control system due to conservation of total 
angular momentum is significant. Specifically, if the control system comprises 
n  spin-half systems, then the gate error probability has this lower bound:
1
e 4 -I- 4n2
2.9.3 Applicability to  fermionic system s
(2.84)
It is important to note that this method for coherently producing a non-number- 
conserving interaction applies to bosons only. For fermions, Pauli exclusion 
prevents us using such a simple approach and there is no analogue of the coherent 
state available within the Hilbert space.
However, it would be possible to produce Hp for fermion pairs, by using an S- 
wave superconductor. Such a superconductor acts as a reservoir of Cooper pairs 
with net momentum zero, and is to an excellent approximation an eigenstate of 
c£>TcDi’ and cdtCdi- If one were to construct a tunnel junction between Alice’s 
system and such a superconductor, and allow Cooper pairs to tunnel across it, 
then one would be able to construct an Hp along these lines:
Hp =  \ ( az’c  +  l ) (^A ]c\ i cD^cDi + CAlCAlC^C^^j . (2.85)
2.9.4 Phase considerations due to the use of a coherent 
state
Vaccaro and Anselmi have studied what role the phase plays when using this 
coherent state technique [52]. They find that the lack of a shared reference 
phase between Alice and Bob results in the entanglement being reduced to the
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value Ep. The phase difference arises because, using their model of transfer­
ring the mode entanglement to quantum registers, both Alice and Bob require 
coherent states to act as sources/sinks of particles in order to make a full set of 
transformations and make use of the full entanglement. However, even without 
the quantum register approach, it can readily be seen that the use of a coherent 
state introduces the need for a reference phase in the teleportation protocol, by 
considering the state of the full system consisting of the qubit being teleported, 
the shared state (doubly-occupied bonding orbital), and the coherent state(s) 
at the end of the protocol.
Vaccaro and Anselmi argue that a shared reference phase can only be estab­
lished non-locally, by transporting particles between sites A  and B , and hence 
should be regarded as an additional non-local resource needed to make use of 
the entanglement.
2.10 Conclusion
This chapter has examined the use of the Zanardi measure to evaluate the 
entanglement between two indistinguishable particles. It relies on the fact that 
when an occupation number basis is used to express the overall state of the 
particles, their Hilbert space is a direct product of the Hilbert spaces of the 
two particles. The von Neumann entropy can then be used as a measure of the 
entanglement between the particles. However, the Zanardi entanglement is an 
overestimate, due to the need to use non-local resources to establish a shared 
reference phase. Vaccaro and Anselmi’s accessible entanglement quantifies the 
reduction in the Zanardi entanglement due to this requirement.
Later in this thesis, chapter 4 discusses how entanglement between indis­
tinguishable particles is affected by applying superselection rules, that is con­
straints on the operations allowed on a quantum system. Clearly, that discussion 
would not be possible without the Zanardi measure. The concept of an SSR 
allows one to clarify issues such as the impossibility of constructing a coherent 
source of fermions, due to Pauli exclusion, as has just been discussed.
Chapter 5 looks at a conjugate gradient algorithm to estimate the entangle­
ment of formation in mixed quantum states. This algorithm is combined with 
the Zanardi measure in chapter 6  to study entanglement in degenerate quantum 
gases, specifically a Bose-Einstein condensate, the Fermi sea, and a BCS super-
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conductor. These all involve indistinguishable particles (bosons or fermions) 
and thus the existence of the Zanardi measure was a prerequisite for this study.
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Chapter 3
Spin-only, space-only, 
spin-space entanglement
3.1 Introduction
We have seen suggestions in the previous chapter that entanglement can exist 
both within the spatial degrees of freedom of a system, and within its spin 
degrees of freedom. This chapter attempts to place this concept on a more 
explicit footing. It asks these questions:
1 . Is it meaningful to talk about entanglement between the space and spin 
degrees of freedom of a system?
2. Is it meaningful to divide the total entanglement between two subsystems 
of a system into the entanglement carried only in the spin degrees of 
freedom, and that carried only in the spatial degrees of freedom?
Since the previous chapter established that the Zanardi measure correctly eval­
uates the entanglement present in pure states of indistinguishable particles, it 
will be used when considering the examples of space-only and spin-only entan­
glement in this chapter.
In section 3.4.4 Zanardi’s measure is used to discuss spin-space entangle­
ment transfer. In section 3.3.1 it is shown that a space-only description of an 
entangled system may be incomplete: in some sense, spatial and spin degrees
96
of freedom can be ‘entangled’ in a system. This is made more concrete by con­
sidering two examples. In section 3.3.3 spin and spatial degrees of freedom are 
traced out from a doubly-occupied molecular bonding orbital and the Zanardi 
measure is used to evaluate the ‘entanglement’ between space and spin in that 
orbital. In section 3.3.5 the same exercise is performed for the Omar appara­
tus, a hypothetical experiment that contains entanglement both in its spin and 
spatial degrees of freedom, and which is described in section 3.2.
Finally, in sections 3.3.12 and 3.3.13 an attem pt is made to relate the von 
Neumann entropy of the reduced space-only and spin-only descriptions of the 
doubly-occupied molecular orbital to the mutual information between possible 
measurements. The Holevo bound is also obtained, and it is shown that it is 
satisfied (but not saturated) by the one-site measurements considered in section 
3.3.12.
3.2 The Omar thought-experim ent
A particularly interesting system that contains entanglement both in its spin 
and spatial degrees of freedom was introduced by Omar et al. [3]. They consider 
an apparatus which takes as its input two pairs of indistinguishable particles, 
A  and B, each pair maximally entangled in some internal degree of freedom 
(e.g. spin), and transfers some of that entanglement to the spatial degrees of 
freedom of the particles. This is achieved by passing one particle from each pair 
through a beam splitter on one side of the apparatus, and doing likewise with 
the remaining particles from each pair through another beam splitter on the 
other side of the apparatus (see Figure 3.1). The two sides are labelled 1 and 2.
The state of the particles at the beginning of the thought-experiment (‘the 
input state’) in second-quantized notation is
~ r ^ ( a A11a A 2 l ^  a A l l a A 2 T ) ^ ( a 51Ta B21 ^  a BlJ.a S2T)- ( ^ )
where eg. a^Al  ^ is a creation operator for a spin-up particle in arm A l, and the 
'± ' sign for each pair of particles depends on whether that pair is in an m s = 0  
triplet (plus sign) or singlet (minus sign) state.
They draw three main conclusions:
1. By making certain measurements on the output state from the apparatus,
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Figure 3.1: The spin-space entanglement apparatus used in the Omar et al. 
thought experiment (reproduced from [3]).
Cl D1
Al B1
S id e  1
S id e  2
A2 B2
C2 D2
it is possible to determine whether the particles involved are bosons or 
fermions.
2. The output state differs depending on whether both input states to the 
apparatus are m s — 0  triplets, or if one is an m s =  0  triplet and the other 
a singlet.
3. For the case where both pairs of particles in the input state are m s =  0  
triplets, some entanglement (they do not determine exactly how much) 
is transferred from the spin degrees of freedom to the spatial degrees of 
freedom. Ie. spin-space entanglement transfer is shown to occur.
Conclusion (1 ) can be achieved by measuring the total spin S for the entire 
apparatus along the x-axis (which from the perspective of Alice and Bob on 
sides 1 and 2  respectively is a non-local measurement), and then selecting the 
Sx =  0 results. If the particles are fermions, the wave function is projected onto 
the state
1
75 (3.2)
where, for example, |L)i represents both particles in the left arm on side 1 
of the apparatus (bunching), and |A)i represents one particle in each arm on 
side 1 (antibunching). On the other hand, if the particles are bosons, the wave
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function is projected onto
i i l l
(3.3)71
These states are orthogonal, and so can be distinguished between by a suitable 
measurement. This procedure thus gives a way of determining if the particles 
are bosons or fermions.
For (2), we consider measuring the total spin on one side of the apparatus 
only along the z-direction. As there are two spin-half particles involved, the 
result of measuring S z can take the values 0  or ± 1  only. As total spin will have 
been conserved, the measurement result for the same quantity on the other side 
of the apparatus must be 0 or ^ 1 . Omar et al. show that the ‘+ + ’ case and 
the ‘+ -’ case have different \SZ\ — 0 components of the output wave function 
following such a measurement.
For (3), consider the entanglement between the two sides of the apparatus 
present in the *++’ output state for fermions. For the \SZ\ =  1 component of the 
output wave function, Pauli exclusion means that the terms must consist entirely 
of anti-bunching spatial states. There can thus be no spatial entanglement 
between sides 1 and 2  in this component as the spatial states are identical on 
both sides for all terms. However, due to conservation of total spin, the spin 
states on the two sides axe perfectly correlated and thus there is one ebit of spin 
entanglement between sides 1 and 2 .
With the |S2| = 0  component, however, Pauli exclusion is not a factor, and 
the terms in this component are a mixture of bunching and antibunching spatial 
states. This component thus contains one ebit of entanglement between sides 
1 and 2, carried both in the spin and spatial degrees of freedom. Omar et al 
do not attempt to quantify how much of this entanglement is spatial, and how 
much is spin.
There has thus been a transfer of entanglement between sides 1 and 2. The 
input state of two m s =  0  triplets contains two ebits carried only in the spin 
degrees of freedom. The output state contains two ebits carried partly in the 
spin degrees of freedom and partly in the spatial degrees of freedom. Omar et 
al. call this spin-space entanglement transfer.
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3.3 Can space and spin degrees of freedom be  
‘entangled’ w ith  one another?
3.3.1 A density operator which gives correct measurement 
averages for spatial measurements is also parameter­
ized by spin
For systems which contain spatial as well as spin entanglement, it seems natural 
to try to obtain a reduced description of the system in terms of only spin or 
spatial degrees of freedom by applying the usual technique of the partial trace. 
One would expect this to yield a reduced density matrix which contains infor­
mation about only the spin or spatial degrees of freedom of the system. The 
justification for using the partial trace is that it gives a description of a given 
subsystem which is in agreement with statistics for measurements made on that 
subsystem alone [6 ].
This section demonstrates that in fact, a density operator which gives the 
correct statistics for a sp a tia l measurement will necessarily contain information 
about the spin of the system. In other words, it is impossible to obtain a truly 
space-only density operator. Put another way, tracing out spin from such a 
system will give a mixed spatial state, indicating that the spatial and spin 
degrees of freedom are in some sense ‘entangled’ within the system. Converse 
conclusions would of course apply to a spin-only density operator.
Consider N  fermions occupying 2 M  single-particle states tfrij := <f)i(r)atj 
where
• (pi(r) are spatial states with i — 1 , ...,M
• ctj are spin states with j  = 1 , 2
Slater determinants is given by =
• 0  unless the set of spin functions is the same in I’F/?), m > -
• Ap,p'%s  where P, P' denote the set of spatial states in \ ^ r ), respec­
tively, and S  is total spin.
This system is described by Slater determinants { |^/j)}. The expec­
tation value of some purely sp a tia l operator A  := A{r \ ,..., r ^ )  between those
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Using the (I#/*)} as a basis we can write some general state as
|* ) := £ c * |< [ -* >  (3.4)
R
(  2A f\
where R labels one of the Slater determinants. Then
\ n )
R ,R '
= ^  App,ppp, by using the usual result (A) = tr(pA)
P ,P ',S
=  ^  ^  A p p , p p P, (3.5)
S  P ,P '
We now wish to write this using continuous indices rather than discrete set 
labels. Equation (1 .2 .2 1 ) in [54] gives (A) =  tr(Ap) in an arbitrary basis
|r) =  | r i , . . . ,r N ) (3.6)
where |r) is a Slater determinant with particles at r i ,  ...,r/v as
(A) = J  A(r,r ')p(r ',r)dNr dNr' (3.7)
where the integral symbol denotes an integration over continuous position vari­
ables, or for the case of discrete variables, a summation, and where the matrix
representations of A  and p with respect to |r) are
A{r, r') = (r i , . . . ,rN \A\r[,...,r'N)
p(r,r') = ' ^ 2 ^ i(r)wi ^*(r') (3.8)
i
So here, we can write
(\J>|i4|'I'/) = I d r \ - d r Ndr'l ...dr'NA s (ri...rNr'l ...r,N) x ps (r'l ...r'Nn . . . r N)
s J
(3.9)
= J dr1...drNdr[...dr'NA(ri...rNr'1...r'N ) x psp&ti&](r[...r'Nri...rN)
(3.10)
where
A  — ^   ^A and Pspatial — ^  P (3-11)
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and
pS (r[...r'Nr l ...rN) =  wf,p,Vp(r[...r'N)V*p,(ri...rN) (3.12)
p,p>
Note that since each -A5  and ps  has a different spatial symmetry,
J  A s p s ‘ oc S s s ’ ( 3 .1 3 )
Thus, the ‘space-only’ density matrix pSpatiai which gives the correct statis­
tics for measurements made by the spatial operator A  is in fact a sum of density 
matrices {/35 } which are parameterized by the total spin quantum number S. 
In some sense, it is incorrect to say that /5spatiai is purely spatial, as it includes 
information about spin.
It is possible to draw an analogy here with the work of Peres et al [55], 
who show that for a single free sp in -| the reduced spin-only density matrix is 
not covariant under a Lorentz transformation, and therefore the von Neumann 
entropy of the spin-only density matrix is not relativistically invariant. However, 
Peres’s work applies only to a single spin-1, not a system of spins, and therefore 
some caution should be exercised with this comparison.
Variable number of particles
If the number of particles N  in the system is variable, then p is an incoherent 
mixture of pure states, and the expectation value of A  is
(^) := P pp '^pp '- (3-14)
P ,P ',S ,N
Example: Side 1 o f the Omar apparatus
There are always two particles, i.e. N  = 2. For fermions, there are six two- 
fermion states:
• 3 spatial x 1 singlet =  3 states: |L), |jR), |AXo 0)
• 1 spatial x 3 triplet =  3 states: l-^xi.-i)’ l^xi,o)» l^xi.i) 
using the Xs,ms notation. So the spatial density matrices are
•  p s =o =  3 x 3
• Ps=l = 1x1
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and the full density matrix is
1
P =  X > S (3.15)
5 = 0
Note that these results axe different from those obtained for the entire Omar 
apparatus in section 3.3.5, because here we are considering only one side of the 
apparatus.
3.3.2 Tracing out space and spin
The results of the previous section would indicate that in a system where en­
tanglement is present both in the spatial and spin degrees of freedom, those 
degrees of freedom are themselves in some sense ‘entangled’. So in order to 
evaluate this ‘entanglement’ between spin and space it would seem logical to 
apply the standard method: trace out one set of degrees of freedom and evalu­
ate the von Neumann entropy for the resulting reduced density matrix. We will 
now perform this for two systems: the doubly-filled bonding molecular orbital, 
and the Omar apparatus.
3.3.3 Showing that the delocalized state \\Jj) = +  
cb0 t 2(cai + CL|)|0) *s separable into space-only and 
spin-only pure states
In order to trace out space and spin for this state, we need to write it in a spin- 
space product basis, choosing spin and spatial states that each form a complete 
basis for spin and space in the system. These are
•  Spin: |X5,ms ) =  {|Xo,o),|xi , -i ),  |xi,o), |xi,i>}
• Space: \A A ) , \B B ) , \A B —),\AB+)  where
— \AA), | B B)  denote double-occupancy of sites A,B respectively
-  \AB±)  := (A(1)B(2) ± .4(2)B(1))
In the expansion of this state, it is clear that the double-occupancy terms 
correspond to products of doubly-occupied spatial states and the spin singlet
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state, i.e.
c^Tc^il°) =  l^)IX o,o)
cBTcs j J ^  =  l^ ) !x o ,o )  (3.16)
The single-occupancy terms require a little rearranging:
+j_/AT(i)  £j(i )  
v / 2 W t ( 2 )  B  | ( 2 )
->1(2) T (2)B(1) |  (1))
+  -)=(B(1) t (1)4(2) i  (2)
- B ( 2 ) T (2)j4(1 ) |  (1))
1
B T (1) -4 1 (1 ) 
B T (2) A I (2 )
So
liM
,4 (1 )B (2 ) +  4(2)B(1)
^ = ( t  (1) i  (2 )-  T (2) I (1)
= |4B+)|xo,o> (3.17)
^ 2  CBT) ^ 2  C# i ^ ^
=  Q |4 4 >  + i |B B )  +  ^ = |4 B + ) )  Ixo,0 )
=  |  ' 0 )  s p a c e ) ^ )  s p i n  (3.18)
|ip) is thus separable in space and spin - there is no ‘entanglement’ between 
space and spin degrees of freedom in this state.
3.3.4 Space-spin entanglement of a parameterized version 
of the delocalized state |ip) =  7 7 5 ( ^ 1  +  +
4)1°)
What happens to the separability of space and spin components in this state if 
we introduce a parameter to make the delocalized spin-up and spin-down states
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different? For example, if the state is parameterized thus:
I ^ ) param  =  (COS O c ^  +  s in  ) —j =  ( c ^ |  +  CB |)I® )
= -^=|xo,o) ^cos0|AA) +  sin 6\BB)  4- -^=(cosP +  sinP)|A B+)^
+  ^ l*i,o)(cos0 -  sin0 )|A B -). (3.19)
If this state is written as a density matrix, and then the spin degrees of freedom 
are traced out, the resulting space-only density matrix is
/  1_ c o g  q2 co s 0 s in  0  co s 0 (co s  0 + s in  9 ) q  \
2 2 2 \ /2
1 a  • a  a2  s i n  0 ( c o s  0 + s i n  0) n% cos 6 sin 6 sin 6r    2VT-
c o s 0 ( c o s 0 + s i n 0 )  s i n  0 ( c o s 0 + s i n  0) t • (na\\  no./o o,/o 4 ^ 1  +  s i n ^ j j  U
6 s
(3.20)
Pspa
2%/2 2V2 4
0 0 (1 — 2 c o s 0 s in 0 )  4
in the basis
\ A A ) , \ B B ) , \ A B + ) , \ A B - ) .  (3.21)
Figure 3.2 shows the von Neumann entropy of this density matrix, plotted
against the parameter 6. Its minimum value of 0 ebits is at 9 =  j  ±  mr where
n  is an integer. This is because for 6 =
7r 7T 1sin —  =  cos —  =  - 7=
4 4 y /2
\i!>) param  — i | Xo,o> (|A4> +  | B B )  +  y / 2 \ A B + ) \  (3.22)
which clearly contains no entanglement between space and spin. Whereas for
6 — ±  m r,
37T 1 37T 1sin —  =  —=, cos —  =  t= ,
4 y /2  4 y /2
■■■ W p™ » = i|x o ,o > (—|A4> + |B £> ) - - i | Xi,o>|AB—>. (3.23)
which is a state containing maximal entanglement between space and spin.
3.3.5 Tracing out space and spin from the locally antisym­
metrized Omar output state
In this exercise, we will consider only the + +  output state for fermions with 
50/50 beamsplitters. As with the doubly-filled bonding molecular orbital, in
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Figure 3 .2 :  Von Neumann entropy of p Sp ace , traced out from a parameterized
version of the doubly-occupied molecular bonding orbital, versus parameter 6. 
S ( rh o _ s p a c e )
0 .
0 .
0
0
4 2 4
order to trace out the space and spin degrees of freedom and obtain spin-only and 
space-only (respectively) reduced density matrices, we need to write this state as 
a sum of products of space and spin eigenfunctions. Each set of eigenfunctions 
should form a complete set. The eigenfunctions are obtained and presented in 
Appendix A. Using a product basis of these spin and spatial eigenfunctions:
4>S;»|L>1|L )2,<S |fl> i|R )2,<S |i> i|fl)2 ,4>S;S |fl> i|i)2 ,
$S;Sm +>i M +>2.*!:; i^ - ) 1i^ - )2 ,* ? :? m -> i |a -> 2 (3.24)
the output state for the entire apparatus can be written
|ou t}t: r+mio„ =  i< S ( |L > , |L > 2  +  |fl>l|B>2 +  |£> l |f l )2 +  |f l> l | i )2
- 2 |a + ) i |a + )2) +  *?;!).
(3.25)
The corresponding density matrix is, after renormalizing,
(1
i
4
1
4
1
4
1
2
1
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1
7 6 \
1 1 1 1 1 i 1
4 4 4 4 2 7 3 7 6
1 1 1 1 1 i 1
4 4 4 4 2 7 3 7 6
1 1 1 1 1 1 1
4 4 4 4 2 7 3 7 6
1 1 1 1 i 2 pi
2 2 2 2 1 “ 73 V 3
1 1 1 1 2 4 2 7 2
73 73 73 73 7 3 3 3
VTe
i i 1
-v'f
2 7 2 2 )7 6 7 6 7 6 3 3
1 0 6
Spin-only density m atrix Tracing out space, the reduced spin-only density 
matrix is
Pspin — trspacep —
( \ 0 0 ^
0 1 13 3\/2
1 °
1
3\/2 S )
in the basis
$ 2,0 
^0,0’ ^1,1’ ^1,1
(3.27)
(3.28)
This has eigenvalues 0 , ^ and thus a von Neumann entropy S(pspm) = 1-
Space-only density m atrix If we trace out the spin degrees of freedom, the 
space-only density matrix is
Pspace — trSpjnp
( \
1
4
1
4
1
4
\  o  o 0 0
o \
0
0
0
0
2 /
in the basis
|L)i|L>2, |i2)!|i?)2, |L )j|i?)2, \R)i \L)2, |^ + ) iM + ) 2 , |A -> i|i4 - ) 2
(3.29)
(3.30)
This has eigenvalues 0 ,0 ,0 ,0 , 5 , \  and thus a von Neumann entropy S(pspace) — 1 . 
This equals S(papm) as you would expect. So the space and spin degrees of free­
dom in the full Omar apparatus share one ebit of ‘entanglement’.
3.3.6 Tracing out space and spin from the fully antisym­
metrized Omar output state
We saw in section 3.3.5 that attempting to factor the Omar output state into 
a sum of products of space-only and spin-only eigenfunctions, when performed 
using basis states which have only been antisymmetrized with respect to ex­
change of particles on each side of the apparatus individually, leads to a spatial 
density matrix where the same spatial state is parameterized by different values 
of the total spin for the system.
The origin of this problem is that we have constructed the density matrix 
from a state which has only been antisymmetrized with respect to the exchange
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of labels of any two particles on a given side, not across the entire apparatus.
To obtain a density matrix which lives up to the claim advertised in equation
(3.11) we need to antisymmetrize the output state with respect to exchange of 
any two of the four particles in the apparatus.
Our scheme to do this will be as follows:
• Fully antisymmetrize the Omar output state with respect to exchange of 
any two of the four particles.
• Take inner products of this antisymmetrized output state with the previously- 
described four-spin-half eigenfunctions This yields coefficients 
of these eigenfunctions which are spatial in nature.
• It turns out that these coefficients are both orthogonal and of defined 
symmetry. They thus form a basis for spatial states of the entire system.
3.3.7 Fully antisymm etrizing the output state
We apply the four-particle antisymmetrizer to the Omar output state as given 
in equation (A.7). Before we apply the antisymmetrizer to them, the kets rep­
resenting the combined spin and spatial states of sides 1 and 2  are not taken to 
be antisymmetrized. Eg. the ket |A tl)i  represents particle a definitely spin-up 
in the left arm on side 1 , and particle b definitely spin-down in the right arm 
on side 1. Similarly, |A | | ) 2  represents particle c definitely spin-up in the left 
arm on side 2, and particle d definitely spin-up in the right arm on side 2. This 
state contains 1 0  terms.
Using Mathematica, we then apply the antisymmetrizer projection operator
(3.31)
where the sum is over all permutations {P} of the particle labels, and
For an even permutation: (—l ) p =  + 1
For an odd permutation: (—1)F =  — 1 (3.32)
An even (odd) permutation is one where the number of transpositions of particle 
labels is even (odd). This produces a state in which the exchange of the labels 
of any two of the particles (a, 6 , c, d} will produce the same state, but with the
sign flipped. The antisymmetrized state contains 10*4! =  240 terms, hence the 
use of Mathematica.
For example, consider the term
M n > i M I T >2 (3.33)
We perform
LI (a) T (a)Rl(b) I (b)
L2 (c) 1 {c)R2{d) T (d) (3.34)
3.3.8 Obtaining the coefficients o f the four-spin-half eigen­
functions
The four-spin-half eigenfunctions ) obtained in section A. 1.1 form a
basis for the spin-state of four spin halfs, and therefore remain a suitable choice 
for the spin state of the entire apparatus. The complexity of the fully antisym­
metrized state means it is not possible to reexpress the state in terms of the 
} by inspection. Instead, the approach taken was to take inner prod­
ucts of the fully antisymmetrized output state with the }, again using
Mathematica. Ie if.
M fc L io J  =  E  (3.35)
S ,m s
then
°s,m, = (4>5 'ms|out++mion) (3.36)
The only non-zero coefficients obtained are those for
(3-37)
The coefficients are all orthogonal, so they look like a basis for spatial states. 
Henceforth, we shall refer to them as ‘putative spatial states’, and denote them 
by the symbols
t^ OO L/'OO jy~20 (o oo\(O.OOJ
respectively.
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3.3.9 Symmetry projections of the four-way antisymm etrized  
spatial states
The symmetry of the putative spatial states was checked by applying to them 
the projection operators for the irreducible representations of the S 4  symmetric 
group (the group of all permutations of four objects). Equation 4.51 in Elliott 
and Dawber [56] gives the general expression for the operator which projects 
from the vector space L onto the subspace L a as
P (“) =  — r < (o|'(G .)T (G «) (3.39)
3 a
where
• {Gq} are the elements of the group Q,
• T  {T(Ga)} are a set of operators which form a representation of Q in 
the vector space L,
• r(a ) is an irreducible representation of Q with an associated vector space 
L^a\  and
• X ^ * ( G a) is the character of Ga in the irrep
Thus, the projection operator for the irreducible representation [ni7i2...] of 
the symmetric group is
p[nm2...] _  ^ 2  x^nin2' ^*(class)T(class member)
c l a s s e s  c l a s s
m e m b e r s
= -^ [nin2 -■•]*(/i/2...)T’(class member) (3.40)
( l l h ■■■) c l a s s
m e m b e r s
The relevant characters are given in Table 17.1 in Elliott and Dawber, which 
is reproduced here in Table 3.1. So to project a coefficient onto a given S 4  irrep, 
the Mathematica code runs through all possible permutations of the particle 
labels, applying each permutation to the coefficient, weighting the result by the 
appropriate character, and summing the results. The simplest example is the 
projector onto the ^t1111! irrep (the antisymmetrizer projector), in which the 
character of each permutation is, as discussed above, its parity.
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Table 3.1: Character table for S 4
<S4 (1 11 1 ) (211) (22) (31) (4)
X[4] 1 1 1 1 1
x [31] 3 1 -1 0 -1
x I22) 2 0 2 -1 0
x [211] 3 -1 -1 0 1
1 -1 1 1 -1
We find that the only non-zero projections of the } are:
*SS  —  [22] 
—  [22]
K™ — ► [1111] (3.41)
3.3.10 Calculating the space-spin entanglement from the  
fully antisym m etrized output state
The moduli of the non-zero coefficients are
( t f S o l O  =  5 / 1 2  
(A'1°f|K??> =  5/12
=  1/6. (3.42)
So we introduce a new set of normalized coefficients, the } and thus
write
I * ®  =
K ? >  = \ [ ^ \ M u )
\K u )  =  (3.43)
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and thus
M & U J  = / |l* C > K o >  + / J | A O <J'n> +
(3.44)
The coefficients in this expansion are clearly normalized. Thus we can write the 
density matrix for the entire apparatus in the + +  fermionic output state as
P - l°Utfer+mion)(°UtSrmionl
/  § 
2
using the basis
■OOm ^OOn
(3.45)
r2 0 \ | ^ 2 0 \ (3.46)
Since the four-spin eigenfunctions are an orthogonal set, as are the putative 
spatial states, the space-only and spin-only density matrices for the entire ap­
paratus are trivial to obtain:
Pspa
in the bases, respectively:
— Pspin —
1
( \  o o '1
0 I  0
0 0 1
(3.47)
I J O l l O l M ? ? ) ,  
1*88), !*!?>, I*??).
(3.48)
(3.49)
In this sense, the entanglement between spin and spatial degrees of freedom is 
‘S'(pspace) =  S(pSpin) =  1.48336 ebits. (3.50)
3.3.11 Calculating the space-spin entanglement in the fully 
antisymmetrized input state
We can perform a similar exercise for the input state to the Omar interferometer. 
Recall that this consists of two pairs of particles which are maximally entangled
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in some internal degree of freedom: eg. two electron singlet pairs. One finds as 
before, the non-zero coefficients are
j^-OO zx'OO i f  20 JX00'JXU > /vll
but this time their moduli are
/  fc'OOi t s 0 0 \___ __\K oolAoo/ -  
(K™\K™) =
=
Thus, introducing the normal basis of the {M |^ .sb },
K tr+mion) =  l O l « )  +  l^i°i°)l^?) +  | ^ 1210) |^ ; )
and thus written in the basis in (3.46)
(3.51)
(3 .52)
(3.53)
P l^fermion
(  1
6
\ k
++ )(in++fermionl
2_ 
18
I )
(3.54)
Tracing out the space or spin degrees of freedom yields
Pspace — Pspin — (3.55)
3 /
using the bases in (3.48) and (3.49). Thus the entanglement between space and 
spin is
1 1 2  2
S (p spaCe) =  S(pspm) =  2. -  g lo g 2 -  -  3 1oS2  3  =  L25 eb its (3 -56 )
This result is not as surprising as it may seem. Although in the input state 
the entanglement between sides 1 and 2 of the apparatus is carried entirely in 
the spin degrees of freedom, there are correlations between the spin and spatial
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states of the particles. For example, measuring S f  =  1 tells us that the spins 
on side 1 of the apparatus are in a spin triplet state (symmetric) and therefore 
the spatial state must be antisymmetric to preserve the overall antisymmetry 
of the state on side 1.
3.3.12 M utual information between measurements on |ip) =
+  CBt) +  CB |) |0 )
Consider a two-site two-fermion system in the delocalized state
(3.57)
O ne-site m easurem ents
Consider the results of an experiment to measure total charge, and total spin-z, 
at one of the sites A  and B. The former could be achieved using a single-electron 
transistor scanning electrometer (SETSE) [57], the latter using a Stern-Gerlach- 
type experiment. The possible measurement results are
• x  := spin results =  {0, — |}  (total m s)
• y := charge results =  {0,1,2} (number of particles)
Let’s suppose we perform the y (charge) measurement first. How much in­
formation about the spin states of the fermions will we gain from this spatial
measurement? The answer is given by the mutual information H ( X  : Y)  be­
tween the probability distributions X  and Y  of x  and y, defined by
H ( X : Y )  = H { X ) - H { X \ Y )  (3.58)
Let us consider measurements made at site A. The expansion of the delo­
calized state is:
1^) =  (^2Ca i cai +  +  2C^ C^  + ^
1, 1, lv 1, 1* 1,
=  2 =  °> +  ^ Xa =  2* +  2^XA = — 2  +  2 = ^
= \\VA =  2) +  =  1) +  ^ \ va =  1) +  ^\VA =  0) (3.59)
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So the probability distributions X  and Y  are
X := { p (* )}  : p ( - i )  = I ,p (0 ) = i , p ( i )  =  i
y  '■= {p(v)} : p(0) =  J .p (! )  =  |,J>(2 ) =  j  (3.60)
and have a Shannon entropy given by
h (x ) =  -  y ^ p xiog2px
X
! , 1 1 =  - ^ o g 2- - 2 - l o g 2-4
=  I  = H( Y)  (3.61)
Note that H ( Y ) =  H( X)  because y has an identical probability distribution to 
x. Using
p (x , y) =  p(x)p{y\x) (3.62)
we obtain the joint probabilities for measurements of x  and y shown in Table 
3.2. We hence obtain a conditional Shannon entropy of
H( X\ Y )  =  (~\og2p{x\y)) = ~ '^2p{x ,y ) \og2p{x\y)
x ,y
= (contributions from y — 0,2) +  (contributions from y — 1)
= 2 x | x 0 + | x 2 x (-log2i )
=  \  (3-63)
The mutual information between X  and Y  is now readily calculated:
H (X  -.Y) = H( X )  -  H( X\ Y)  =  |  -  i  =  1 bit (3.64)
so when we make a charge (i.e. spatial) measurement at site A,  we gain one bit 
of information about the total spin-z projection at site A.  The same conclusions 
apply to measurements at site B , of course.
It is worth noting that this discussion is possible only because the S z and 
charge operators commute - by rotating the spin axes we can always choose 
a representation in which p is diagonal. The above treatment would not be 
possible if we e.g. were considering position and momentum measurements.
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Table 3.2: One site measurements: joint probabilities
y X p(y) p (x  | y) P(x,y)
0 0 i4 l i4
0 l l 2 ’ 2
1
4 0 0
l 0 12 0 0
i 1 1 1 i 1X 2 ’ 2 2 2 4
2 0 14 1 14
2 1 12 ’ 2 14 0 0
Tw o-site m easurem ents
Now consider making a joint classical (two-site) measurement on the entire 
system A  +  B. One possible (non-optimal) set of spin and spatial measurement 
results is
• x  =  {(mS),4 ,raS)B)} =  ( | ,  —|) ;  (— | );  (0 , 0 ) spin measurement results
• y = AA, B B , A B  space measurement results 
The probability distributions are
X  := {p(x)} A  ix 1 , 1 1 , l  12 , _ 2 4 ~ 2 ’ 2 4 ’P(0>0) =  2
(3.65)
with a Shannon entropy of H ( X ) =  H (Y )  =  |  as calculated in equation (3.61). 
The joint and conditional probabilities are given in Table 3.3.
Thus the conditional entropy H (X \Y )  is
H (X \Y )  = {-\og2p(x\y)) = ~ ^ p { x , y ) \ o g 2p(x\y)
x,y
= (contributions from A B  results)
+ (contributions from AA  and B B  results)
= —2^1og2^ — 2^1og2l
= - 2 i ( —l ) - 2 i ( 0 )
1
2
(3.66)
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Table 3.3: Two site measurements: joint probabilities
y X p(y) p (x | y) P(x,y)
AA 0 ,0 i4 l
i
4
AA l l 2 ’ 2
1
4 0 0
AA 1 12 ’ 2
1
4 0 0
B B 0 ,0 14 l
1
4
B B 1 12 ’ 2
1
4 0 0
B B 1 1 2 ’ 2
1
4 0 0
A B 0 ,0 12 0 0
A B 1 12 ’ 2
1
2
1
2
1
4
A B 1 12 ’ 2
1
2
1
2
1
4
So the mutual information is
H {X  : Y )  =  H( X)  -  H (X \Y )
3 1
2 ~ ~  2
=  1 bit (3.67)
3.3.13 Holevo bound on mutual information between mea­
surements on
W  =  7 2 (ca t  + ca j) l^ )
O ne-site m easurem ents
Let’s try to relate our discussion of the mutual information between one-site spin 
and charge (i.e. spatial) measurements discussed above, to the Holevo bound.
Holevo bound: If Alice prepares p x  with probability p x  where X  — 0, ...,n  
and Bob then performs any POVM {Ey} with result Y  then
H ( X : Y )  < S(p) -  £ > x S (p * )  =  x (3.68)
X
where p = Y^xVxpx
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Accessible information: Bob’s accessible information is defined as the 
maximum of the mutual information H ( X  : Y )  over all possible measurement 
schemes, (i.e. it is the optimal mutual information).
Written in the occupation number basis
(3.69)
the reduced density matrix for site A  in the delocalized state we are considering 
is
Imagine that Alice performs a spin-z measurement, and then passes the state 
that the delocalized state is projected into to Bob. We can say that she ‘pre­
pares’ p x  by her spin measurement. The accessible information is the optimal 
information that Bob can obtain about the result of Alice’s spin measurement 
through any measurement he performs on px- The mappings between Alice’s 
measurement result and the projected state are given in Table 3.4.
Alice passes the projected state p x  to Bob: he receives
/ l  . . A
Pa
1
4
1 .
. 1
1
2
V- • • 1 /
(|00)(00| +  |10)(10| + |01)<01| -f |11)(11|) (3.70)
/ l A (o . . A /o . . A
1 i
2 2
0 1 . 1 . .  
0 . +  4 . . 0 .
. l )  V  . . 0
0  . .
. 1 .
V . . o /
i
4
1
4
V -  •  •  \)
P a (3.71)
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Table 3.4: Projection outcomes corresponding to Alice’s measurement results
Alices measures
m„
...w ith  probability
Pm„  =  •
...and projects
Px =
( \  0  0  o \  
0 0 0 0 
0 0 0 0 
\ 0  0  0  1 /
^ 0 0 0 0 >
0 1 0 0
0 0 0 0
\ 0
0 0
o y
f o 0 0 0 >
0 0 0 0
0 0 1 0
\ o
0 0
< 7
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Now
\ (P a ) = s (Pa ) ~ (3.72)
m,
where
(3.73)
hence
(3.74)
In the discussion in section 3.3.12 of one-site spin (X ) and charge (Y) mea­
surements, we obtained a mutual information between them of H ( X  : Y)  =  1 
bit. So for this particular example of the mutual information between measure­
ments, H {X  : Y )  < x  and thus the Holevo bound is satisfied.
3.4 Can space and spin degrees o f freedom carry 
entanglem ent betw een two parts, and how  
do they contribute to  the total entangle­
ment?
3.4.1 Space-only and spin-only entanglement
Previous sections have shown how to obtain reduced descriptions of a system 
that contains a mixture of spin and space entanglement in terms of only the 
spin or space degrees of freedom. So it would seem natural to seek to quantify 
the entanglement between two physical subsystems of the system that is carried 
solely in the states of the spin or space degrees of freedom. This entanglement 
will be called ‘spin-only’ and ‘space-only’ entanglement, respectively. Although 
such a characterization seems natural and desirable, it is necessary to proceed 
with caution and define exactly what is meant by the terms.
As will shortly be shown, there are certain systems (such as the Omar ap­
paratus) where ‘spin-only’ entanglement seems an entirely natural and non­
problematic quantity. In the case of the Omar apparatus, this is specifically
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because it is constrained always to contain two particles on each side of the 
apparatus. Thus, ‘spin-only’ entanglement between the two sides is an easy and 
unambiguous quantity. However, imagine that Alice and Bob share a number 
of spins. The ‘spin-only’ density matrix, obtained by tracing out the spatial 
degrees of freedom as above, is unaffected by whether Alice has all, some, or 
none of the spins. Yet Alice and Bob certainly cannot share any ‘spin-only’ 
entanglement if Alice possesses none of the spins.
Definition o f spin-only entanglem ent. This is the amount of entanglement 
Alice and Bob can make use of when performing a teleportation experiment in 
which they can only make spin measurements. W hat is meant here by a ‘spin 
measurement’? After all, it would be perfectly possible for Alice to make a 
set of spin measurements which gave information about the spatial state of 
her subsystem, ie. measurements that had spatial resolution. For example, 
measuring S z =  0  indicates she has 0  or 2  spins in her possession, but not 1 .
So ‘spin measurement’ means that one does not allow magnetic field gra­
dients that are more localized than Alice’s subsystem. In other words, the 
characteristic length scale of the magnetic field gradients used:
151 (3.75)
d\B\/dx
is of the order of the spatial dimension of Alice’s subsystem.
It should be noted that any operation Alice makes that respects the in- 
distinguishability of the particles must commute with Pi 2 , the operator that 
exchanges the particles. And consequently, that operation must also commute 
with 5 2, since, for a system of two spin-1 / 2  particles, S 2 can be expressed as 
S 2 = h2 (Pi2 +  1). So, for example, if we restrict Alice to spin-only operations, 
she can’t transform between the singlet and triplet states, as to do so would 
require a change in the spatial state. This is of course all a consequence of the 
fact that the total Hilbert space is not a direct product of the spatial and spin 
Hilbert spaces.
D efinition o f space-only entanglem ent. This is somewhat easier to define 
rigorously than spin-only entanglement. Arbitrarily accurate measurements of 
position within Alice’s side of the apparatus are allowed, but Alice is not allowed 
to use any magnetic fields when making her measurements, or performing the
121
operations necessary for her CNOT. She thus has no access to information about 
the spin state of her subsystem.
A sp in-only  basis from  w hich we can  tra c e  o u t a  physical su b sy stem  
(site). Consider the spin-only density matrix with elements
P S totm s tota,S'totm'Stota' (3.76)
where a  is a label which distinguishes between eg. <l>oo and $ 1°.
Trivially, this can be rewritten in terms of a basis from which site A  or B  
can be traced out, thus:
PSAmsAa,SBmsB0,S'Am'SA- (3.77)
This is p in a basis of eigenfunctions of
(SA,S * ) ® (S B,S f ) .  (3.78)
3.4.2 Available entanglem ent in the doubly-filled bonding 
MO under spin-only and charge-only measurement 
restrictions
W hat happens to the entanglement available in the doubly-filled bonding MO if 
restrictions are placed on the type of measurements that Alice can make when 
performing the teleportation protocol? Not surprisingly, the effect is to reduce 
the available entanglement, as Alice can no longer perform a completely reliable 
Bell-state measurement. The following sections quantify this reduction.
As is discussed later in section 4.3, a more severe restriction is to limit the 
types of operations that Alice can perform when carrying out the teleportation 
protocol. Restricting the possible operations corresponds to imposing a super­
selection rule, a concept discussed in chapter 4. This causes an even greater 
reduction in available entanglement than the measurement restrictions, as Alice 
is also not able to perform her CNOT correctly, as will be shown in section 4.3.
The isomorphism used for teleportating two qubits using the doubly-filled 
bonding MO
IV’) = + c£ t) + cBi.)|0) (3.79)
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was given in equation (2.73):
KM = {irt>,in>,ut>,iii>}
{nM n M } =  { | 0 0 ) , | 1 1 ) , | 1 0 ) , | 0 1 > }  (3 .80 )
This connects the occupation number state of Alice’s site A  with the spin state 
of ‘virtual’ qubits a  and (3. Virtual qubits a  and (3 thus play the role of Alice’s 
half of the singlet pair in the original description of the teleportation protocol by 
Bennett et al. The variant of the protocol described in section 2.9 means Alice 
does not have to perform a measurement in the Bell basis on the qubit whose 
state she wishes to teleport and her half of the virtual singlet pair. Instead, she 
only needs to measure their state in the z-basis. Clearly, the measurement of the 
source qubit’s state is straightforward. Now, suppose Alice can only perform 
spin measurements. More specifically, suppose she can only make the particular 
spin measurement
S z \n A t n A l ) =  m*otal| n A t ^ i ) ,  (3 .81)
ie. she has a magnet that can put a field along the z-axis, allowing her to 
perform a Stern-Gerlach experiment. W hat effect does this have on the amount 
of information she can teleport using the delocalized state? Let us rewrite the 
states of Alice’s ‘virtual’ qubits in terms of the eigenvalues of Alice’s commuting 
observables that they correspond to. These are the number of particles N ,  
measurable via a charge measurement, and the total Sz eigenvalue m*otal, and 
this rewriting is shown in Table 3.5.
Available entanglem ent in the doubly-filled bonding MO when A lice  
can only measure spin
If Alice is restricted to measuring ra*otal, she can still measure the state of each 
qubit that she is trying to teleport, assuming it was encoded as a spin state. For 
each of Alice’s measurement results on site A , the possible corresponding states 
of each virtual qubit are shown in Table 3.6.  In the protocol for teleportation 
using a given virtual qubit, after Alice performs her CNOT and Hadamard gates, 
she measures the states in the 2 -basis of the qubit 7  whose state she wishes to 
teleport, and the virtual qubit a  or (3 which will be used for the teleportation:
K < V / 3 >  =  { I T T ) , l t l ) , I I T > , l l i> }  ( 3 . 82 )
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Table 3.5: The states of Alice’s ‘virtual’ qubits in terms of the eigenvalues of 
Alice’s commuting observables that they correspond to
Ka i ^AI &a&[3 |iV; m*otal)
|0 0 ) IT T ) 1°; o )
|n> IT T ) | 2 ; 0 )
|1 0 ) IT T ) | i ;+ ! )
|0 1 > Hi)
Table 3.6: The states of Alice’s ‘virtual’ qubits in terms of Alice’s m*otal mea­
surement results on site A
m t ° t a i  r e s u i t Possible states of qubit a Possible states of qubit /3
0 IT) I T ) , 11)
+ 1 / 2 11) IT)
- 1 / 2 11) 11)
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What effect does the restriction to only measuring rn*otal have on her use of the 
teleportation protocol?
• For |<r7 <7a ) she can always unambigously determine the product state.
• For \(Ty(T0 ) she will only correctly identify the state 50 percent of the time, 
ie. when she measures m s =  ±1/2. When she measures m a = 0 she has 
no idea if the ‘spin’ of virtual qubit (3 is up or down.
Thus
• Alice can teleport a qubit using virtual qubit a  with 1 0 0  percent reliability.
• But she can only teleport a qubit using virtual qubit /3 with 50 percent 
reliability.
So on average, if Alice is restricted to measuring m*otal, she can teleport 3/2 
qubits using the doubly filled bonding MO. Interestingly, this result is consistent 
with the Shannon entropy of the probability distribution of spin-only measure­
ments on the doubly-filled bonding MO, calculated in section 3.3.12. But i t’s 
not clear if this connection holds in general.
Available entanglem ent in the doubly-filled bonding MO when A lice  
can only measure charge
If Alice is restricted to only measuring particle number (ie. charge) on site A, 
and if we suppose that she is still allowed to measure the spin state of qubit 7  
(the qubit she wishes to teleport), then we obtain the same result of 3/2 qubits, 
as shown in Table 3.7.
3.4.3 Available entanglement in the doubly-filled bonding 
MO under a charge-only measurement restriction, 
calculated from the reduced density matrix
In the above section, we considered the effect that restricting the types of mea­
surement Alice is allowed to make has on the amount of information she can 
teleport to Bob. We did so by explicitly looking at the effect that such a re­
striction has on her ability to distinguish different states of the virtual qubits 
used by the teleportation protocol. If we describe this restriction instead in the
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Table 3.7: The states of Alice’s ‘virtual’ qubits vs Alice’s charge measurement 
results
N  result Possible states of qubit a Possible states of qubit (3
0 IT) IT)
1 11) I T ) , 11)
2 IT) 11)
language of the density matrix and the tracing-out operation, do we get the 
same answer?
First, we recall the result of equation (3.18) in order to write the overall 
state as a product of space-only and spin-only functions:
=  |'0 )sp a ce |V ,)sp in- (3.83)
The spatial state looks in some ways like a system of two spinless bosons, shared 
between sites A  and B :
+  CB ) 2
■|0>
where the following equivalences apply, using kets |uatib)'-
| AA) = 120)
| B B )  =  |02)
IAB+)  =  |11).
(3.84)
(3.85)
The boson analogy is chosen here because |t^) space explicitly violates Pauli ex­
clusion. The above pure state of two bosons can be written in this basis as the 
density matrix
/  I 4 2V2
(3.86)Pspace —
^ ^ 
1
2 s / 2
\  2v/2 2 ^ 2  2 /
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Site B  can then be traced out as follows:
s ( 0 |Pspace|0 )B — ^ |2 )J4 J4 (2 |
B(l|Pspace|l)s =
s ( 2 |Pspace|2 ) s  =  - | 0 )^ ^ (0 | (3.87)
and thus the charge-only density matrix for site A  is
(3.88)
in the basis
(3.89)
The entanglement available under a charge-only measurement restriction is 
thus
which is consistent with the result obtained in section 3.4.2.
3.4.4 Spin-space entanglement transfer in the Omar thought 
experiment
The Omar apparatus was first introduced in section 3.2 as an example of a 
system which contains entanglement both in its spin and spatial degrees of 
freedom. But furthermore, the action of this thought experiment is actually 
to transfer some entanglement from the spin degrees of freedom to the spatial 
degrees of freedom. This section considers that transfer process.
Side 1 o f the apparatus.
First, let us consider the input state to the apparatus, and its entanglement 
according to the site entropy measure. This state is
4 2
2'j(-2 ) - 1(_1) = \ (3.90)
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Henceforth we follow Omar et al. in arbitrarily choosing the case where all 
four particles are fermions, and the above product state consists of triplets 
(described as the ‘+ 4 - case for fermions’ in [3]). If we write this in the occupation 
number representation, and then trace out side 2  of the apparatus, we obtain 
the following reduced density matrix for the state of side 1 of the apparatus 
before the passage of the particles through the beamsplitters:
This state has two ebits of entanglement. Examining equation (3.92), we see 
that this entanglement is carried entirely in the bottom right part of the density 
matrix, which corresponds to single-occupancy states which differ only by the 
spin. Therefore, this entanglement is purely spin entanglement.
It is a straightforward exercise to show that the site entropy measure gives 
the same total entanglement between sides 1 and 2  of the apparatus (two ebits) 
for the input and output states. This must be so since the operation of each 
beamsplitter is local to its side of the apparatus. The unnormalized output state 
for 50/50 beam-splitters for our input state is given in [3] as
where for example, |L)i indicates both fermions on side 1 of the apparatus 
have passed into the left arm and thus necessarily have opposite spins, and
/o
0
P i,in  =
4 (3.92)1
4
1
4
using the reduced basis for side 1
y
|rc.LiTn L iin .RiTn f l i i )  — (|1 1 0 0 ), |0011), 
|0110), 11001), 11010), |0101)}. (3.93)
+ i( I^ T i> iM iT >2 +  M IT>iM TI>2 ) 
- | ( m u > i M u >2 +  ia  m i l i u m )
+ ( | . A  T T ) i  1^4 | | ) 2  +  |A | | ) i | 4  11) 2) (3.94)
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\A t l ) i  indicates that each particle on side 1 of the apparatus has passed into 
a different arm, with the particle occupying the left arm being spin up, the 
particle occupying the right arm being spin down.
If we rewrite this in the occupation number representation
trace out side 2  of the apparatus, and renormalize, we obtain the following 
reduced density matrix for side 1 of the apparatus:
which has entropy S(pi^ut) — 2 , showing that the total entanglement is unaf­
fected by the operation of the apparatus. However, we can see from the fact 
that the double-occupancy top-left sector of this matrix is now non-zero that 
the system now contains spatial entanglement, because this state is now mixed 
in arm-occupancy number as well as spin.
Single-occupancy and double-occupancy entanglem ents are additive.
Since in (3.96) there are no non-zero off-diagonal elements connecting the double­
occupancy and single-occupancy sectors of the matrix, we can unambigously 
assign each eigenvalue to one sector, and hence divide the total entanglement 
into double-occupancy and single-occupancy parts. In this case, the double­
occupancy sector
(3.95)
\  ° 0  0  0 \
I  I  ° 0  0  0
0 0  I  - §  0 0 (3.96)
0  0  0  0  |  0
\ 0  0  0  0  0
-double occup  
P l,o u t (3.97)
in the basis
(3.98)
has eigenvalues | , 0  and hence contributes 0.5 ebits to the entanglement.
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The single-occupancy sector
^occup
^l,out
0  
VO
o \
0
0
(3.99)
0 \)
in the basis
\riLvnL n n m n R n ) =  {|0110), |1001), |1010), |0101)} (3.100)
has eigenvalues of | ,0 ,  |  and hence contributes 1.5 ebits.
It is clear from these definitions that the single-occupancy and double­
occupancy entanglements will always sum to the total entanglement, provided 
that the off-diagonal elements connecting the two sectors are zero. The single­
occupancy entanglement is a form of spin entanglement, since the single-occupancy 
states do not differ in the spatial distribution of particles between the arms. 
Likewise, the double-occupancy entanglement is a form of space entanglement, 
since the double-occupancy states do not differ in their m s values. However it 
is not obvious that these are the most general forms of spin and space entan­
glement, since for example, the double-occupancy entanglement does not take 
account of the spatial states in which each arm contains one particle.
The distinction between spatial and double-occupancy entanglement is fur­
ther clarified by the procedure suggested by Omar et al. for their output state. 
They suggest making a projective measurement of S x and they show that with 
probability \  the result Sx =  0 is obtained in which case the spatial state is 
projected onto
1
- )= ( |I) , +  W 0 ^ ( l i >2 +  |fl>2) T ± \ A h ± = \ A ) 2 (3.101)
where the sign is negative for fermions, and positive for bosons. This output 
state involves a superposition of both double- and single-occupancy components, 
and can easily be seen to contain one ebit of spatial entanglement between sides 1 
and 2 , since this state was obtained by a projective measurement of the system’s 
spin state.
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Left arm o f side 1 o f the apparatus.
It is instructive now to reduce further the input and output density matrices to 
those for just the left arm of side 1 of the apparatus. For the input state, this is
/o . . . \
0  .
P lL ,in  —
V
(3.102)
\)
in the basis
which has entropy S^pu^n) 
for the output state is
\nLv n LU) =  {|11), |00>, |01>, |10)} (3.103)
1. In the same basis, the reduced density matrix
P lL ,ou t
a
v
\
8 /
(3.104)
which has entropy S(pn,,out) =  1.81, showing that the action of the beamsplitter 
on side 1 of the apparatus has introduced an additional 0.81 ebits of entangle­
ment between the left arm of side 1 and the rest of the system, in addition to 
the 1 ebit of entanglement already present between those two subsystems.
Operator-sum representation for spin-space entanglem ent transfer.
It is possible to find an operator-sum representation for the spin-space entan­
glement transfer within the left arm of side 1 of the apparatus that we have 
discussed above. An easy way to do this is to make the following isomorphism 
between the spin states of two qubits A and B, and the occupation numbers for 
the spin-up and spin-down single particle states of the left arm:
Wa*b } =  {im,iu>,ut>,iu>}
{nm n lL l} =  {|00),|01),|10),|11)}. (3.105)
We then find that the action of the Omar interferometer in transforming piL,in 
P iL ,ou t can be represented by the action of the depolarizing channel [40] on 
P iL ,in  with probability p =  | .
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3.4.5 Calculating space-only and spin-only entanglement 
between sides 1 and 2 of the Omar interferometer
We calculated in sections 3.3.5 and 3.3.10 the entanglement between the space 
and spin degrees of freedom in the full Omar apparatus. But how much entan­
glement between the two sides of the apparatus is carried only in the space or 
spin degrees of freedom? In other words, what is the ‘spatial entanglement’ and 
what is the ‘spin entanglement’ between the two sides of the Omar apparatus?
Spin-only entanglem ent betw een the two sides o f the Omar apparatus
The spin-only density operator for the entire Omar apparatus is given in equa­
tion 3.27. Calculating the spin-only entanglement between the two sides of the 
Omar apparatus is thus a question of calculating the entanglement of formation 
of this density operator with respect to a division of the Hilbert space between 
spin eigenfunctions of sides 1 and 2 .
From the block-diagonal form of this density matrix, one obvious pure-state 
decomposition of /5spin is
where the tildes indicate that the pure states are ‘subnormalized’. The average 
entanglement of this decomposition can be easily seen to be equal to \  ebits, 
since
ie. the first state in the decomposition is a pure product state with zero en­
tanglement between sides 1 and 2 , and the second state in the decomposition 
has one ebit of entanglement between sides 1 and 2  and occurs with probability 
half. Application of the code for calculating the entanglement of formation indi­
cates that this decomposition is in fact optimal: ie. the spin-only entanglement 
between the two sides of the Omar apparatus is \  ebits.
(3.106)
(3.107)
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Space-only en tang lem en t be tw een  th e  tw o sides o f th e  O m ar a p p a ra ­
tu s
The space-only density operator for the entire Omar apparatus is given in equa­
tion 3.29. An obvious pure-state decomposition of this is:
l*> = i ( |L ) .  +  |f l) i) ( | i)2 +  | f l > 2 ) - i |A + > 1M+>2
|0a> = - L | , 1 - ) 1 |j4 - > 2 (3.108)
Here, the first state contains 1 ebit of entanglement between sides 1 and 2, 
and occurs with probability half. The second state is a pure product state and 
contains no entanglement between sides 1 and 2. The average entanglement of 
this decomposition is thus half an ebit. Again, we find that this decomposition 
is optimal: the space-only entanglement between the two sides of the Omar 
apparatus is \  ebits.
A n arg u m en t for th e  o p tim ality  o f th e  space-only  decom position
This argument is due to V. Vedral. One can see why the pure state decomposi­
tion in equation 3.108 is optimal, ie. why the entanglement of formation must 
equal the average entanglement of that particular decomposition, as follows:
Lower bound . |^ i)  and |V>2 ) are distinguishable via local measurements at 
site A. So if Alice measures \-ifti) (non-destructively) at site A, she knows she 
can distill 1 ebit’s worth of Bell states from it. If she measures the pure product 
state |^ 2 ) she knows she can’t distill any Bell states from it. Now p(|V>i)) =  
p(\ip2}) = So on average, Alice can distill at least 0.5 ebits from p Space-
U p p er bound . Ep  can’t be any greater than 0.5 ebits because, by definition, 
E f (p) < Eav(p).
C onclusion. From these lower and upper bounds, it is clear that Ep — 0.5 
ebits for Pspace^
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Chapter 4
Entanglement and 
super-selection rules
4.1 Introduction to  superselection rules
The superposition principle is a fundamental tenet of quantum mechanics. So 
it can be a surprise to learn that there are limits to its applicability. For exam­
ple, no-one has ever prepared a particle such that its mass is a superposition of 
different values. Neither has anyone prepared a particle such that it is simul­
taneously a boson and fermion. The reason for this is that both the mass and 
parity quantum numbers are subject to a superselection rule (SSR) - a prohi­
bition on preparing a quantum system so that it is in a superposition of states 
with different values of these quantum numbers. Because of this, one normally 
regards mass and parity as being immutable parameters of a particle, rather 
than quantum mechanical operators. The concept of an SSR was invented by 
Wick [58], who used it to explain the impossibility of preparing a superposition 
of bosonic and fermionic states.
It seems reasonable to suppose that if Alice and Bob share two parts of 
an entangled state, restricting the local operations they can carry out on their 
respective systems will reduce the entanglement that is available to them to use 
for teleportation. This turns out to be the case, as will be seen later in this 
chapter.
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4.1.1 Definition of a superselection rule (SSR)
A review paper by Cisneros et al [59] offers the following definition:
A superselection rule induced by G operates in a quantum system if 
in that system:
• G commutes with every observable O in the system (eg. p, q, 
and possibly spin)
• And G is not a multiple of the identity
Note that G is a constant of the motion, since it commutes with every 
operator and therefore commutes with H.
4.1.2 Showing that a superposition of eigenstates of G  
w ith different eigenvalues is not possible
• First, suppose one c o u l d  produce such a superposition:
\u ) =  ^  ^ mlffmiQm) (4-1)
m
where gm labels an eigenvalue of G and a m signifies every other quantum 
number needed to specify | pm; a m).
• G commutes with every other observable in the system, so |w) is an eigen­
state of every other operator in a given complete set of commuting observ­
ables (CSCO) :
Os\u) =  os |t/)
=  Os^^Umlgrfii Ocm) ( 4 ‘ 2 )
m
where
{O,}, s =  1 , N  (4.3)
is the CSCO. The definition of a CSCO is the largest set of commuting
observables which can be found for a given system.
135
• But as G commutes with Os, |^m; a m) is also an eigenstate of Os :
Gs\9m! &m) =  Os |Qrn\&rn)
.  .  Oaju) =  ^  ^  UTnOs\gTn'.l Olrn) 
m
— y  ^  umOs I f f m i Q m ) '  ( 4 - 4 )
m
• The {|<7m! Om)} are all linearly independent, so comparing equation 4.2 
with equation 4.4, one sees it must be that:
o™ — os V m. (4.5)
If this were not so, there would be more than one possible expansion of
|u) in the same basis. This is only possible with linearly dependent basis 
vectors.
• Consider
I u') =  ^  Umet6m I gm; Oim) ( 4 . 6 )
m
ie. |u) with the relative phases of its components modified by arbitrary 
phases. Applying Os to it gives:
O s | u  )  =  Os y  ^  W m e  m  l ^ r n j  = Os\u ) ( 4 . 7 )
m
• The quantum numbers {os} for the states |u), \u') are identical the rel­
ative phases {etSm} are experimentally inaccessible. There is no measure­
ment one can perform to distinguish |u') from |u). This inaccessibility of 
relative phases is precisely what leads us to call a mixed state ‘incoherent’.
• So, the conclusion is that if a superposition of eigenstates of G were pos­
sible, then it would be impossible to perform any measurement upon it 
which would distinguish it from another such superposition with different 
relative phases. |u) thus cannot be regarded as a coherent pure state (since 
in such a state the relative phases must be experimentally accessible) and 
thus the superposition in equation 4.1 is not possible to realize.
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SSRs and the density m atrix
If a particular operator induces an SSR in a system, then certain entries in the 
density matrix describing the state of that system will necessarily be zero. For 
example, suppose that Alice has a two-spin system whose state is written in the 
basis
{ki»2>} =  { im ,iu> ,iiT > ,iu> } . (4 .8 )
Now, suppose that she doesn’t have a suitable means for transforming the spin-z 
state of her system, and thus cannot produce a superposition of total S z states, 
and thus an SSR for total S z is in force. (This view of an SSR as a restriction 
on operations is key to understanding the effect an SSR has on entanglement, 
as will be seen shortly). Because of the SSR, the density matrix describing 
her system, written in the above basis, will have a block diagonal form:
/ p n  0  0  0  \
PA lice
0 P22 P23 0
0 P32 P33 0
(4.9)
\  0 0 0 P44J
To see this, suppose Alice could prepare a superposition of states of different 
total S z. To achieve this, the elements of the density matrix connecting such 
states would have to be non-zero. For example, for the p \2 element at |XT) t°  
be non-zero, Alice would have to be able to prepare a superposition of |TT) and 
|t l )  states:
|rj>) =  < snip > +C|||TT) +  C | J | i ) + < snip > . (4.10)
Then a mixed state which contained \ip) in its pure state decomposition would 
contain the contribution
\ip)(i>\ =  < snip > + cTTc*i |TT)(tll + c*Tcr i |tl)(TT|+ < snip >, (4.11)
and thus p \2 might be non-zero (depending on the contributions from other pure 
states in the decomposition).
4.1.3 Example of an SSR: W ick’s description of the SSR  
for parity
The original paper by Wick et al [58] was less general than the above treatment 
of SSRs. In it, the authors defined SSRs by considering a specific example: the
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impossibility of producing a superposition of integer and half-integer angular 
momentum states. Their proof of the necessity of SSRs differs somewhat from 
the above treatment by Cisneros et al. Wick demonstrated that unless an SSR 
exists for parity, a state which should be invariant under a particular operator 
(double time reversal) will actually be transformed by that operator into another 
state with different relative phases. In Wick’s example, G — T 2, ie. the operator 
that commutes with all observables is the square of the time reversal operator. 
In the words of Wick et al:
One must introduce a superselection rule between at least two subspaces of the 
whole Hilbert space if one wishes to preserve the relativistic invariance of this 
space. The first of these subspaces, A, contains the states in which the total
angular momentum of the system is an integer multiple of h, the second 
subspace B  contains the states with half-integer angular momenta.
Their proof goes like this:
• Consider the action of the parity operator, denoted by / ,  on a state vector
I*1):
| F') =  I\F). (4.12)
• Then for a pseudoscalar field (ie. a field whose field function is odd), I  is 
of the form
I\F) = u x  (_ i)^o+ n 2+n4+...|F ^  (4i13)
where
— Ni is the number of particles with angular momentum /, and
— u  is an arbitrary phase factor.
For a single particle, an SSR operates between fermionic and bosonic states. 
Wick shows that, if this were not the case, a superposition of half-angular mo­
menta and integer angular momenta state vectors would not be invariant under 
double-time-reversal. Suppose
• f A ,g A , -  are the state vectors of the integer angular momentum subspace 
>1,
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• fBi 9 Bi ••• are those of the half angular momentum subspace B.
Applying time inversion t —> —t t w i c e  to any state vector should give a result 
indistinguishable from the original state vector. In fact, applying time inversion 
twice to
I a +  / s  (4-14)
gives
const(fA -  f B). (4.15)
The only way to avoid a contradiction is to make the relative phases between 
I a , }b  experimentally inaccessible, ie. to introduce an SSR between A  and B. 
Then (4.14) and (4.15) are indistinguishable as required.
On the other hand, as seen in section 4.1.2, Cisneros et al show that if it 
were not the case that an SSR exists for an operator G that commutes with 
all observables, it would be possible to prepare two different superpositions of 
eigenstates of that operator with different relative phases which had identical 
eigenvalues when measured with any operator.
4.2 Superselection rules and entanglem ent
As described above, superselection rules prevent a superposition of particular 
quantum numbers. This restriction can also be viewed as a restriction on the
operations that can be performed on a system, ie. an SSR for a particular quan­
tum number on a particular system is equivalent to a prohibition on performing 
the operations which would enable such a superposition to be prepared.
A straightforward example, which happens to be relevant to the ‘site-entropy’ 
picture of entanglement, is to consider restricting Alice and Bob to number- 
conserving local operations. This prevents Alice and Bob from creating or 
destroying particles at their sites, and thus creates an SSR for local particle 
number.
Thus, Bartlett and Wiseman [60] make the following definition of an SSR: 
A n SSR  is a  re s tr ic tio n  on th e  allowed local o p era tio n s  on a  system , 
and  is associa ted  w ith  a  g roup  o f physical tran sfo rm atio n s. This 
is a restatement of the definition of an SSR given in section 4.1.1: the only 
operations allowed are those that commute with the operator G that defines 
the SSR.
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This allows them to define operations which are allowed under a particular 
SSR as follows. For a particular local quantum system with Hilbert space H, the 
set of possible operations on the system is given by the semigroup of completely 
positive trace-preserving maps {£ c p }■ If G is a group of operations acting 
on H through a unitary representation T, then some operation O € {£c p } is 
defined to be ‘G-covariant’ if
0[T(g)f,T'(g)\ = T {g )0 \p \T \g )  V g e  G and V p. (4.16)
Then, the SSR associated with G , denoted by G-SSR, is defined thus. G-SSR  
is a restriction on the allowed operations on the system  to those CP  
maps { O g - s s r }  C { £ c p }  that are G-covariant. I t’s now possible to 
define the G-invariant state, which for finite groups is
Q\p\ := (dim G ) _ 1  T(g) p T \ g ). (4.17)
g&G
I t’s so-called because it’s invariant under the action of G: ie.
T(g)G\p}THg) = g\p) V g e G .  (4.18)
And it turns out (I won’t reproduce the proof here) that the usable en­
tanglement EG-ssR(pab) that Alice and Bob can obtain from the state pab by 
using LOCC when they are restricted by G-SSR is given by the entanglement 
E{Q[pab)) that they can produce from the state G[pab] by LOCC when G-SSR 
is not in force. Here, E is what Bartlett and Wiseman describe as ”a standard 
measure of entanglement”.
4.3 Effect of superselection rules on entangle­
ment of the doubly-filled bonding MO in the  
site entropy picture
Sections 3.4.2 and 3.4.3 discussed how restricting the measurements Alice can 
make at her site limits the entanglement available from the doubly-filled bonding 
MO. However, a more severe restriction is to limit the operations that Alice 
can perform, i.e. to apply an SSR to the system. This limits the available 
entanglement still further, as this section shows.
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Table 4.1: CNOT on virtual qubit a
|rcC,Tn C|7b4Trb4i) \nc-\nc i<7avp)
| 1 0 0 0 )  <-► | 1 0 1 0 )
| 1 0 0 1 )  <-► | 1 0 1 1 )  
lOlriAt^Ai) unchanged
| i o  TT> <-> | i o  |T>
| i o  U )  | i o  n )
\Q\<7aop) unchanged
4.3.1 By explicit consideration of possible quantum oper­
ations
The protocol outlined in section 2.9 for teleporting two qubits using the doubly- 
filled bonding MO requires local, non-number conserving operations in order to 
perform the CNOTs involving virtual qubits a  and (3. If we restrict Alice to only 
using local, number-conserving operations on site A  - ie. operations which only 
involve spin-flips at site A  - what is the effect on the amount of entanglement 
she can exploit?
If Alice can only perform spin flips at site A, she is restricted to performing 
unitary evolutions generated by Hamiltonians of the form
+ 0c*AicAi +  l c \ ^ c Ai +  7 *c^CAt- (4.19)
Recall from equation (2.73) that the protocol uses this isomorphism between 
the occupation number states of Alice’s site A  and the spin states of two virtual 
qubits a  and f3:
{ w p }  = {im,iu),iit>,iu>}
R ^ i }  =  {|00),|11),|10),|01)} (4.20)
C N O T  on v irtu a l q u b it a  The effect of CNOT on virtual qubit a  is to 
flip a  iff the control qubit 7  is spin-up. Its action is thus as shown in Table
4.1 where \nc],nc i)  is the state of the control qubit 7  located at site C in the 
occupation number basis. Both of the flip operations of virtual qubit a in this
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Table 4.2: CNOT on virtual qubit (3
\nc^ncinA]nAi) p)
i) |1 0 0 0 ) <-► |1 0 1 1 )
ii) |1 0 0 1 ) <-> |1 0 1 0 )
iii) jO ln ^ n ^ )  unchanged
|io TT) |io Tl )
|io U )« - | io  IT)
|0 1 <7a<x/3) unchanged
CNOT thus involve changing the number of particles at site A - a non-number 
conserving operation. So this CNOT cannot be performed using only spin- 
flips. The restriction on the type of operation Alice can perform thus means 
she cannot use virtual qubit a  for teleportation; we might guess that this would 
reduce the entanglement available in the state from two ebits to one.
C N O T  on v irtu a l q u b it (3 The action of the CNOT on virtual qubit (3 is 
shown in Table 4.2. Clearly, operation (ii) can be produced using only spin-flips 
at site A. On the other hand, operation (i) changes the number of particles 
at site A  and is thus impossible. Thus, the restricted version of the CNOT on 
virtual qubit (3 is simply the unitary matrix that expresses the operation (ii), 
and is written
t' ^ r e s t r i c t e d  
u /3, C N O T
/I 0 0 0 0 0 0 0\
0 0 1 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
Vo 0 0 0 0 0 0 1/
in the basis
{| iooo), |ioio), |iooi), | i o n ) , | o i i o ) ,  |oioi), |om)}.
(4.21)
(4.22)
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P erfo rm ing  th e  te le p o rta tio n  p ro to co l using  th e  re s tr ic te d  C N O T  on 
v ir tu a l q u b it (3 Under this restriction, it seems intuitively obvious that if 
virtual qubit a  is unusable for teleportation, and if only one of the two operations 
which make up the CNOT for virtual qubit (3 is possible, then it should only be 
possible to teleport |  x 2 =  |  qubits using the protocol. Let us write out the 
teleportation protocol using ^® sc n o t  vefify this guess.
First, we write out \ip)c\i>)AB, and apply U ^ cnot to the CA  system, then 
the Hadamard to the C  system. Now
AB
(4.23)| 1 1 ) a | 0 0 ) b  +  | 1 0 ) a | 0 1 ) b  +  | 0 1 ) ^ | 1 0 ) B  +  | 0 0 ) A | 1 1 ) B  
and the state we wish to teleport is
| il>)c =  a|10)c +6|01)c . (4.24)
So the action of U ^ cnot
U T ^ W c W a b  =
-a |1 0 )c  
CY') : + ji>|01)c
|11)4|00)B + ]01>^|01>B +  |10)^|10>B +  |0 0 )m |1 1 )b
|11)v4|00)b +  |10)a|01)b + |01>^|10>B +  |00>a|11)b
(4.25)
Performing the Hadamard on \tp)c has this effect:
l10)c -» -^=(|10)c + |01)c)
|01)c V2 (|10)c -  |01)c)
(4.26)
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And the result of this on U ^ q^ ot ty) c\ip) a b  is
=  \ a ^ m c  +  |01>c) X ( 'X ') +  \ b ^ m c  -  |01>c) x ('Y')
=
a(|ll)j|00)B  +  |01>4 |01>b  +  |10)^|10)b  +  |00>m |11>b )
+6(|11)a|00)b  +  |10)a|01)b +  |01)a|10)b +  |00)^|11)b) 
1 1
+27! |01>c a(|ll>A|00>B +  |01>a|01)b +  |10>m|10)b +  |00)a|11)b) 
-6 (|1 1 )m|00)b +  110)^4101> s  +  |01)a|10)b +  |00)a |U )b )  
|10)c|ll>A(a + 6)|00>B +
1 J _
2  V 2
|10>c |01)A(a|01)B + 6|10)B) + 
|10)c|10>A(a|10>B + 6|01>B) + 
|10>c|00>A(a + 6)|ll>B + 
|01>c |ll)A(a-6)|00>B + 
|01>c|01)A(a|01>B - 6|10>b) +  
|01)c |10>A(a|10>B-(>]01>B) + 
|01>c |00)A(a-6)|ll>B) (4.27)
It is clear from the last expression that only 50 percent of measurement results 
on the pure product state of the system CA  will result in the occupation state of 
site B  being projected into a state which contains a single particle which is in the 
original state of system C  up to a local unitary transformation. Thus telepor­
tation with the virtual qubit /3, when Alice is restricted to number-conserving 
local operations, can only be achieved with 50 percent efficiency. Therefore our 
intuition that only half a qubit can be teleported with the doubly-filled bonding 
MO under such a restriction is correct.
4.3.2 By application of Bartlett and W isem an’s approach 
SSR for local particle number conservation
A simpler way to evaluate the impact of an SSR for local particle number 
conservation on the entanglement in the doubly-occupied bonding molecular
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orbital is to apply Bartlett and Wiseman’s result. One simply zeros out those 
elements of the density matrix that connect states with different occupancies 
of site A  with each other, and/or of site B  with each other. Doing this to the 
density matrix given in equation (2.50) yields
Plocal-N-SSR =
(  0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0  >
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 14 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 14 0 0
1
4 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 14 0 0
1
4 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 14 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
I 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0  )
(4.28)
in the basis
{|n^Tn ^ n STn Bi)} =  {|0 0 0 0 >, |0 0 0 1 ), |0 0 1 0 ), |0 0 1 1 ),
loioi),|ono),|oin), 
11 0 0 0 ), |1 0 0 1 ), 11 0 1 0 ), 11 0 1 1 ), 
|1 1 0 0 ), |1 1 0 1 ), |1 1 1 0 ), |1 1 1 1 )}.
(4.29)
This state has tr(p2) =  |  and is thus impure, and has an entanglement of 
formation of
B f (piocai-N-ssR.) = 0.5 ebits (4.30)
which is consistent with the result obtained by a more laborious analysis in the 
previous section.
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SSR for local particle number conservation m odulo 2
Performing the same exercise but with an SSR for local particle number con­
servation modulo 2  (ie. that allows two particles to be created or destroyed at 
either site), gives the density matrix
Plocal-N-m od-2-SSR =
f  0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0  >
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 14 0 0 0 0 0 0 0 0
1
4 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 14 0 0
1
4 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 14 0 0
1
4 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 14 0 0 0 0 0 0 0 0
1
4 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
^ 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0  )
(4.31)
in the same basis as for the previous SSR. This state has tr(p2) =  |  and is thus 
impure, and has an entanglement of formation of
E f  (Plocal-N-m od-2-SSR.) = 1 ebitS. (4.32)
Applicability to ferm ionic and bosonic system s
When does an SSR for local particle number conservation apply? As was seen 
in section 2.9.2, coherent sources of particles are only available for bosons. For 
fermions, due to the non-availability of coherent sources, any attempt to change 
the occupancy of a site in the doubly-occupied molecular bonding orbital in­
evitably decoheres the system.
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An attempt to use the fermionic version of this system for teleportation, 
therefore, willl be restricted to using operations that preserve local particle 
number. On the other hand, with the bosonic system, the availability of coherent 
sources means that all possible LOCC can be used.
One would thus expect the above value of the entanglement of the doubly 
occupied molecular bonding orbital under an SSR for local particle number 
conservation (0.5 ebits) to describe the usable entanglement of the fermionic 
system, whereas the full value of 2  ebits describes the usable entanglement of 
the bosonic system.
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Chapter 5
Numerically estim ating the 
entanglement of formation
5.1 Introduction
The entanglement of formation E f  characterizes the amount of entanglement 
present in a mixed state p. The definition of Ep  is known: it is the average 
entanglement of the pure states ( |^ ) }  in the decomposition of p  minimized over 
all possible decompositions {pi, IV7*)} °f P- However, except for the special case 
of two qubits [1 1 ], no formula for E p  has been found, nor a prescription for 
obtaining the decomposition which realizes the minimum.
This chapter describes the development of a gradient for the average entan­
glement E&v, and a conjugate gradient algorithm that uses it to calculate Ep  
numerically. The algorithm successfully minimizes the average entanglement 
of random two qutrit (3 x 3) mixed states within a few hours on an ordinary 
desktop computer. The algorithm has been tested against the known result for 
general states of two qubits, and against exact results for Ep  for the special 
class of ‘isotropic’ mixed states of two qutrits. Although the examples discussed 
in this paper involve a division of the Hilbert space into subspaces of equal di­
mension, the algorithm works equally well for any division of the Hilbert space. 
For example, it could be used to study the entanglement between a qutrit and 
quqit (d=4 system) whose joint state is mixed.
After publishing a preprint on this work, it was brought to our attention
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that the algorithm had already been developed, and a paper published on it, by 
Audenaert et al. in 2 0 0 1  [61].
The code developed by Audenaert et al. to implement their algorithm is 
heavily used in chapter 6 , in order to study the entanglement in various de­
generate quantum gas systems such as the BCS superconductor. These states 
are rarely pure and therefore the conjugate gradient algorithm is invaluable for 
studying the entanglement they contain.
5.2 Introduction to the conjugate gradient algo­
rithm.
We seek to minimize a cost function / ( p) in a situation where we can easily 
compute v / ( p )-
5.2.1 W hat’s wrong w ith steepest descent
This is the simplest method, and at first glance would appear to guarantee 
success. As we shall see, that is not so. Starting from p 0, as many times as 
we need to, move from to p i+ 1  by minimizing along the line from p { in the 
direction of the local downhill gradient —
The definition of a line minimization is that, starting at point P , one seeks 
the scalar // that minimizes
/ ( P  + /xn) (5.1)
along the straight line n.
The problem with the steepest descent method is that the new gradient g i+ 1  
at p i+ 1  is perpendicular to the direction h t that one has just travelled along, ie.
h i-g i+ i =  0 (5.2)
where
h i  : =  g i  =  -  V  / ( P i )  
gi+i : =  -  V  / ( P i + i )  (5 -3 )
and so the algorithm must make a right-angle turn after each line minimization. 
In general, this does not lead directly to the minimum. Instead, the method
tends to make many small steps going down a long narrow valley.
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5.2.2 Conjugate gradient minimization
This method uses ‘non-interfering’ or ‘conjugate’ directions to avoid the prob­
lems with steepest descent. If P is the origin of the coordinate system with 
coordinates x  then
/(X )  = /(P) +  £  J £ ai + I  £  +...
i i j  J
c — b • x  +  ^x • A • x  (5-4)
where
d2f
c =  / ( P ) ,  b  =  -  V  / p dxidxj
(5.5)
A is known as the ‘Hessian matrix’ of / ( P ), ie.
V /  =  A  • x -  b  (5.6)
and thus one can obtain y /  =  0  by solving A  • x  =  b. So as we move along 
some direction, we have
<5(V/) =  A - ( ix )  (5.7)
If one moves along u to some minimum, and then one decides to move along 
another direction v, in order that one doesn’t ‘spoil’ the minimization along u 
it is necessary to choose v such that the gradient stays perpendicular to u, ie. 
such that the change in gradient is perpendicular to u: ie.
0 = u  • £ ( v /)  =  u • A • v (5.8)
This equation defines what it means for directions u and v to be ‘conjugate’. A 
con jugate  se t of directions {u} are a set for which this equation holds for any 
two members.
Fletcher-R eeves conjugate gradient algorithm
The Fletcher-Reeves algorithm is an efficient conjugate gradient algorithm. It 
removes the need to know the Hessian matrix A. Each choice of conjugate 
direction is made solely on the basis of:
• the previous direction hi along which line minimization was performed,
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• the gradient g* =  — V f{Pi) the start of that previous line minimization, 
and
• the gradient g i+ 1  =  v /(P i+ i)  at the beginnning of the new line mini­
mization.
Starting at p0 one chooses the initial g-vector and initial direction as
go =  -  V /(Po) (5-9)
ho =  go (5.10)
and proceeds along the initial direction to the local minimum at p x, where one 
sets the new g-vector to the negated gradient at that point:
gi =  - V / ( P i ) -  (5.11)
However, the new direction is a linear combination of the current gradient and 
the previous direction, rather than just the current gradient as in the steepest 
descent method:
h i =  g i+ 7 o h 0 (5.12)
where
_  S i+ l  ' S i+ 1
li —
S i  ' S i
It can be shown that the g-vectors and direction 
orthogonal and conjugate to each other:
gi • gj = 0  (orthogonality of successive gradient vectors) 
gi • hj =  0  (orthogonality of current gradient to previous direction) 
hi • A • hj =  0 (conjugacy of successive directions) (5-14)
for all j  < i.
Fletcher-Reeves in full
The Fletcher-Reeves algorithm makes use of a clever shortcut. Strictly speaking 
the g-vectors, although suggestively represented by g, are not simply the negated
(5.13)
vectors thus chosen are both
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gradient at the start of each line minimization. Instead, one should use this 
expression for the next choice of g-vector:
8 *+i =  g f - A iA - h i  (5.15)
with
\_____ 8 t  ' gi   S i  ' hi / c  i£*\
* ~  h i  A hi “  hi A h i ' { }
But this requires the user of the algorithm to know the Hessian matrix A.
However one can get away with simply setting the g-vector to the negated
gradient, ie. using
S i + i  =  - V / ( P i+ i ) -  (5-17)
This is because:
V /(x )  =  A • x  -  b
gi =  V /(P i)  =  A Pi + b  (5.18)
and hence if we choose // such that it takes us to the minimum along hj,
Si+i =  -  V /(P i+ i)
= - A  • p i+1 + b
=  - A  • (Pi +  /*h i) +  b
=  gi -  /iA • h i (5.19)
But at the minimum along some direction hi, the gradient is always perpendic­
ular to that direction, ie.
h* • V /  = - h ( -g i+1 = 0 . (5.20)
Solve equations (5.19) and (5.20) for fi:
- h i  • gi+ 1  =  - h i  • (gi -  mA • hi)
=  - h i  • gi +  //hi • A • hi = 0
•••'* = h T A ^  =  Ai (5-21>
where Ai is as given in equation (5.16). So equation (5.19) becomes
gi+i =  gi -  AiA • hi
=  equation (5.15) . (5.22)
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Ie. simply using the negated vector gradient as the g-vector at the start of each 
new line minimization gives the same gradient as if one uses the full expression 
in equation (5.15), without the need to know or store the Hessian matrix A.
5.3 A gradient for the average entanglem ent.
As was explained in section 1.2.9, one can make unitary transformations between 
different decompositions of the same density matrix: we have unitary freedom 
in the choice of decomposition for a given mixed state. Recall that the average 
entanglement of a decomposition, in ebits, was defined in equation (1.76) as
£a„({l^ i>}) =
i
= ~ Y l PiTrA^ l°g 2# 1] (5-23)
i
where Ei is the entanglement of \ipi), and that the entanglement of formation 
of p is defined as the minimum of E av over all possible decompositions of p. 
For convenience, this derivation works with natural logs. First, write
U =  exp(2e0 ) (5-24)
where U is the unitary transformation between decompositions, as defined in 
equation (1.78), e is a real parameter, and 6 is a Hermitian matrix. All deriva­
tives are evaluated at e =  0. The gradient of p f  is easily obtained:
If = (s-25)
The gradient of Tra [p^  In pf] requires a little more work. If a  labels an 
eigenvalue of p f ,  and |a ,) is the corresponding eigenket,
^ T r  A[pf In pf] = In A £
a
=  T V „(ln  (5.26)
where we have made use of the invariance of Tr(p^) and the Hellman-Feynman 
theorem [62, 63, 64]. Now we can calculate the promised expression for the
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gradient:
dEa
de = - lo g 2e ( ^ T r [ p f \ n p f ]  +  piTr[ln p f
= -log 2 e ^ T r ^ (5.27)
The result can be further simplified by calculating the gradient of p ip f  = 
T^B{\'fpi)('4’i\) and making use of equation (1.78):
U AeO *3 iOi
e—0
(5.28)
dEn
de
=  - i ^ 0jjTrA
i,3
= ^  ] dijQji
}]
( log2^
*,3
(5.29)
where g is the matrix of gradient elements with respect to the space of generators 
{#}. Note that:
(5.30)
• 9u — 0  so simple changes of phase
\i>i) -» et0 $ i )  
in the states in the decomposition have no effect.
• g is Hermitian.
As shown in Figure 5.1, another consequence of equation (5.29) is that if a 
new state |ipi) is introduced to the decomposition with initially zero amplitude,
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Figure 5.1: Introducing a new state \ipi) to the decomposition doesn’t make any 
difference when its amplitude is small, as the gradient of EAV with respect to 
the amplitude of |&) is zero at that point.
EF Possible
<
0
Not possibleEF
and its amplitude is gradually increased, then at first the new state makes no 
difference to the average entanglement. This is because if the amplitude of the 
new state is zero, and therefore the subnormalized state is zero, the trace over 
system B  in equation (5.29) is also zero.
5.4 Existence o f local and global minima
In general, a conjugate gradient procedure will converge to a local, rather than 
a global, minimum. However, Prager [65], has shown that any local minimum 
of Ep  is also a global minimum. We have encountered points (presumably local 
maxima or inflexion points) other than the optimal decomposition at which the 
gradient is zero: when this occurs we find we can restart the conjugate gradient 
algorithm after a small number of random moves.
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5.5 Using the gradient to  m inim ize the average 
entanglem ent.
The code described here uses the conjugate gradient algorithm to minimize _Eav 
with respect to the space of all possible unitary transformations between some 
initial decomposition of p (the choice of which is entirely arbitrary) and the 
current decomposition. The initial decomposition is chosen without prejudice 
to be the ‘eigenstate’ decomposition of p , ie. consisting of pure states which are 
the eigenvectors of p and probabilities which are the eigenvalues. We write U  = 
exp(iH) and move through the space of Hermitian matrices {H} by constructing 
conjugate gradient moves from the gradient information provided by g. The 
initial unitary transformation is the identity I, whose corresponding H  is the 
null matrix 0 .
The standard formulation of the conjugate gradient algorithm [6 6 ] operates 
upon vectors. Therefore the point in H-space used is the ‘flattened’ vector con­
sisting of the unique elements of H. The gradient matrix is flattened in the 
same way. Conjugate directions are chosen according to the Fletcher-Reeves- 
Polak-Ribiere algorithm [67]. The gradient information is also made use of by 
the modified version of Brent’s method [6 8 ] that performs the line minimiza­
tions. The end result of the algorithm is the unitary transformation which 
takes us from the ‘eigenstate’ decomposition to the optimal decomposition. An 
heuristic test for convergence is performed after the algorithm terminates by 
running a pseudo Monte Carlo algorithm against the final decomposition, using 
an exponentially wide range of step sizes in random directions through unitary 
transformation space: we fail to find further steps down to within the target 
precision. This does not prove that the optimal decomposition has been ob­
tained, but is strongly suggestive of that conclusion. Note that the gradient 
for Eav is constructed with respect to small unitary transformations of the cur­
rent decomposition, and therefore the unitarity of U is preserved to machine 
precision throughout the execution of the conjugate gradient algorithm.
5.6 Performance against two-qubit m ixed states
For randomly generated mixed states of two qubits, the algorithm’s estimate of 
Ep  converges with the Wootters Ep  to 14 decimal places typically in less than
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100 iterations. The Wootters Ep  is defined in equation (1.79).
5.7 Performance against two-qudit isotropic m ixed  
states
A qudit is a quantum system of dimension d. The |^ ) + state of two qudits is 
defined as
An isotropic mixed state is a convex mixture of the maximally entangled 
Bell state |\Er)+ and the maximally mixed state pi — I:
Unlike for more general mixed states, a formula for Ep  exists for isotropic states 
of two qudits [69]. These states are thus well-suited as a check for the results of 
the algorithm. In the case of two-qubit isotropic states, a particular difficulty 
arises which is that Eav generally has a stationary point at the eigenvector 
decomposition. It is thus necessary to move the initial decomposition away 
from this stationary point with a few random Monte Carlo moves, after which 
the conjugate gradient algorithm successfully obtains the correct minimum. For 
two-qutrit isotropic states we observe perfect correspondence between the results 
of the algorithm and the value given by the formula.
5.8 Performance against two-qutrit random m ixed  
states.
The convergence behaviour when minimizing a sample random general mixed 
state of two qutrits (ie. dim(Tf) =  9) is shown in Figure 5.2. It can be seen that 
convergence is linear, with approximately 600 iterations required per significant 
figure. We have found a few examples of states with highly degenerate eigenvalue 
spectra (e.g. isotropic states) for which convergence may be slower than linear.
(5.31)
For example, a |\&)+ state of two qutrits is
w +  =  7 5 (|00> + |n> +122>)-
(5.32)
(5.33)
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5.9 M odelling locally depolarized Bell states o f  
two qutrits.
An example of a previously intractable yet conceptually simple problem is local 
depolarization of one qudit involved in an entangled state. Consider a |\Er)+ state 
of two systems of dimension d (qudits), as defined in equation (5.31). If one qudit 
- say qudit A  - decoheres with a certain probability p, the entanglement of the 
overall state is reduced in a non-trivial manner. This corresponds to a physical 
situation in which one party (Bob) prepares two qudits in an entangled state, 
then passes one qudit to Alice via a noisy channel. How much entanglement do 
Alice and Bob now share?
In this exercise, three possible types of decoherence are considered: the bitflip 
channel, the depolarizing channel, and both channels in succession with the same 
probability. (As the operations commute in this case, the order of bitflip and 
depolarization operations in the last case is irrelevant.) The results for a |\k) + 
state of two qubits can be readily calculated using the Wootters formula. They 
are shown in Figure 5.3. For the depolarizing channel, the results are consistent 
with the well-known separability of mixed states in the neighbourhood of the 
maximally mixed state [70].
How does one perform the same exercise for a |\Ef)+ state of two qutrits 
(d = 3)?
5.9.1 Bit flip for qutrits
When one is dealing with 3-state systems, it is not immediately obvious how 
one ’flips’ a qutrit. One solution is to use this operator sum representation:
(5.34)
where p represents the probability of a flip.
The operators X up and Xdown respectively raise and lower a basis state, and
v 1
i  o w n
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are defined as follows:
Xdownl*) =  |(i — 1 ) mod d) =
X up| t) |(i +  1 ) mod d) —
0^ 1 0^
0 0 1
I1 0 °J
'o 0 A
1 0 0
1° 1 °J
(5.35)
in the |0), |1), |2) basis. These operators are unitary since eg. for Xdc
Xdown X  j own
(o 1 0 
0  0  1 
\1  0 0
\  A) 0 l \  
1 0  0  
0  1 0V
( \  o  (A  
0  1 0  
0  0  1
(5.36)
5.9.2 Depolarizing channel for qutrits
[71] provides an operator-sum representation of the depolarizing channel for 
qudits, which we can therefore use for qutrits by setting d =  3:
where
E i,j
X|*>
Z|j>
V1 - p 1
y/M ~  IE i j
TC2P, Fd
Xdown =  |(i -  1 ) mod d)
u*\j)
(5.37)
and is a d’th root of unity raised to the j:
j  =  0 , 1 , 2 , . . . ,d — 1
(5.38)
(5.39)
The results of applying these operations (tensored with the identity on qutrit 
B, which does not decohere) are shown in Figure 5.4. The results are plotted 
in etrits (1 etrit =  log2 (3) ebits) to facilitate comparison with the results for 
qubits. (Note that for the depolarization-only case, the results can also be 
obtained using the formula for Ep  for isotropic states - we have found they are 
the same). They are similar to those for qubits, however it can be seen that
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Figure 5.2: Convergence of min(£,av) for a random two-qutrit mixed state using 
conjugate gradient algorithm.
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for all types of channel, the proportionate reduction in entanglement at a given 
probability is lower for qutrits. It thus appears that qutrit entanglement is more 
robust with respect to these types of decoherence than qubit entanglement. This 
conclusion has potential significance for the design of quantum computers and 
communication channels.
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Figure 5.3: Entanglement of formation (ebits) of |\Er) + of two qubits vs probabil­
ity of qubit A  depolarizing through various channels (calculated using Wootters 
formula).
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Figure 5.4: Entanglement of formation (etrits) of |^ ) + of two qutrits vs probabil­
ity of qutrit A  depolarizing through various channels (calculated using conjugate 
gradient algorithm).
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Chapter 6
Entanglement in degenerate 
quantum gases
6.1 Introduction
This chapter is concerned with ‘natural’ entanglement in degenerate quantum 
gases. Natural entanglement is entanglement that is present in naturally oc­
curring states of quantum systems. In other words, this is potentially useful 
entanglement which occurs in such systems without us having to perform any 
special preparation on those systems.
‘Degenerate quantum gas’ is a generic term to describe a Fermi sea, a Bose 
condensate, or a BCS superconductor. A quantum gas becomes ‘degenerate’ 
when the interatomic distance becomes less than the de Broglie wavelength of 
the atoms, ie. a «  At- At this point, the de Broglie waves associated with 
each atom overlap. Since the de Broglie wavelength increases as the atoms are 
cooled, cooling a quantum gas will make it degenerate.
Bose condensates and Fermi gases behave differently because of the different 
particle statistics of the particles involved. When a gas of bosonic atoms is 
cooled to just above absolute zero, all of the atoms condense into the same 
ground state. With a gas of fermionic atoms, this is not possible as the Pauli 
exclusion principle prevents more than one atom occupying a given quantum 
state. Instead, the atoms sequentially fill the lowest energy states available.
A BCS superconductor is an extension of the Fermi gas concept. In the Fermi
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sea, fermions move as independent particles, with no correlations between the 
spin-up and spin-down particles. Correlations between fermions with the same 
spin direction do exist of course, because of the Pauli exclusion principle. In a 
BCS superconductor, a weak attraction between the electrons causes a pair of 
excited electrons with opposite spins, whose individual kinetic energies are near 
the Fermi surface, to form a bound pair whose combined energy is lower than 
2Ep- This is because their combined energy has been lowered by the attractive 
potential between them.
In 1956 Cooper showed that if an attractive interaction between electrons 
exists in a Fermi sea, however weak that interaction is, at least one bound pair of 
electrons will form [72]. What is the origin of the attractive interaction? W hat 
happens is that one electron polarizes the superconductor’s lattice by attracting 
positive ions. The other electron is then attracted to this excess of positive ions, 
and hence an effective interaction between the electrons arises.
Since all three types of degenerate quantum gas involve indistinguishable 
particles, to calculate the entanglement between sites in any of them requires 
the use of the Zanardi (site entropy) entanglement measure, and thus requires 
them to be described using an occupation number representation. Very simple 
models will be used for all three types: non-interacting bosons and fermions for 
the bose condensate and fermi sea respectively, and the BCS ground state at 
T  = 0 for the superconductor. Note the entanglement in the Fermi sea is subject 
to an SSR for local particle number conservation, as discussed in Chapter 2.
6.2 Natural entanglem ent in spin system s
Before considering natural entanglement in degenerate quantum gases, it is use­
ful to review what is already known about natural entanglement in condensed- 
phase systems. This has been most thoroughly studied for the case of spins, ie. 
the Ising model, the Heisenberg model, and the XY model.
6.2.1 The Ising model 
ID  Ising  m odel a t T  =  0
Gunlycke et al [73] study the entanglement in a one-dimensional Ising model 
in an external magnetic field, applied in an arbitrary direction. For a two-spin
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system at zero temperature, they find that the entanglement is greatest for B-  
vectors which are almost (but not quite) parallel to the Ising direction, and zero 
for J5-vectors which are perpendicular to the Ising direction.
Thus for the conventional choice z of Ising direction, the 2-qubit entangle­
ment is greatest when B is almost parallel to z, and zero when B lies along x. 
However, when B is actually parallel to z, the entanglement is zero. Thus there 
is an extremely thin line of zero entanglement at B x =  0.
ID  Ising  m odel a t T  > 0
At T  > 0, the degeneracy which gives rise to the zero-entanglement line at 
B x =  0 broadens, and there is a band of zero entanglement around B x =  0.
6.2.2 The Heisenberg model
Arnesen et al [74] consider the entanglement between two spins in a one-dimensional, 
N-spin, closed Heisenberg chain. The Hamiltonian for the ID Heisenberg chain 
in an applied magnetic field B is
N
H  = £ ( B < r ‘ + J 2j2j+1) (6.1)
i = l
where the spin vector for the i’th spin is := (<7i,x<?i,y<7i,z)- The antiferromag­
netic case is J  > 0, the ferromagnetic one is J  < 0 .  They find that there is 
never any entanglement in the ferromagnetic chain.
This makes sense because the state of the system at T  =  0 and B — 0 is 
an equal mixture of the three triplet states, which is disentangled. This can be 
seen by rewriting the mixture in the form of an isotropic state:
|0 0 }(0 0 | +  | ( | 0 1 ) +  |1 0 » « 0 1 | +  (1 0 |) +  |1 1 )(1 1 | 
7 - i ( | 0 1 ) - | 1 0 » « 0 1 | - < 1 0 | ) (6 .2)
Increasing B  increases the proportion of |00) in the state - doing this cannot 
make the state entangled. And increasing T  increases the proportion of singlet 
in the state, which can only decrease entanglement by mixing with the triplet.
The antiferromagnetic chain can contain entanglement, however. The max­
imum entanglement occurs for applied field B =  0 and temperature T  = 0.
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Generally, increasing B or T  decreases the entanglement. However, for values 
of B close to the critical value of B, B c =  4 J , it is possible to increase the 
entanglement by increasing T.
6.2.3 The hybrid X Y  and Ising model
Osterloh et al [75] consider a spin-half ferromagnetic chain with an exchange 
coupling J  in a transverse magnetic field of strength h.
They use a special Hamiltonian which combines tunable amounts of the 
Hamiltonians of the XY and Ising models:
H  = - ^ ( l + 7 ) 5 Z a *X(7i+l ~ - h J 2 ai (6‘3)i= 1 i = l  i = l
where the {<7 } are the Pauli matrices and N  is the number of sites. For 7  =  1 
the model reduces to the Ising model:
N  N
H  =  (6.4)
i = 1 i = l
For 7  =  0 it gives the XY model:
H = \  ai ai+ 1 - h Y ^ ai ( 6 -5 )i—1 i = l  z = l
For their measure of entanglement, Osterloh et al use the two-site concurrence:
C(i, j )  = m ax{ri(i, j )  -  r2 ( i,j)  -  r3 ( i , j ) -  r4 ( i , j ) , 0 } (6 .6 )
where the ra (i,j)  are the square roots of the eigenvalues of the product matrix
R — p(i,j)p(i ,j)  in descending order, and p is the spin flipped matrix:
p := cy (8 ) (Typ*ay (8 ) ay (6.7)
Concurrence is an entanglement measure which was described earlier, in sections 
1.2.6 for pure states, and section 1.2.9 for mixed states.
Osterloh et al define a dimensionless coupling constant:
A := L .  (6 .8 ,
For N  =  0 0 ,  the system has a critical point at Ac =  1.
They then consider the range of entanglement £e  in this model, defined as 
the maximum separation between spins for which the concurrence is non-zero.
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7 = 1 :  th e  Ising m odel
For the Ising model, the concurrence turns out to be zero unless sites i and j  
are next-nearest neighbours, or closer. Surprisingly, this turns out to be true 
even at the critical point, where spin-spin correlations have infinite range, and 
decay only algebraically.
7  < 1: m odels which a re  in te rm ed ia te  be tw een  Ising  an d  X Y
The range of entanglement £e  turns out to be a function of 7 . As 7  —> 0 , 
the maximum possible distance between entangled pairs increases, tending to 
infinity. In fact, Osterloh et al find that £# goes as 7 -1 . Consistent with this 
is their finding that the total concurrence stored in the chain is an increasing 
function of 7 :
For 0 < 7  <  1 , 0  < ] T  C(n) < 0 .2 , (6.9)
n
where C (l) is nearest-neighbour concurrence, C(2 ) is next-nearest-neighbour 
concurrence, and so on. Thus, although the range of entanglement increases as
the model tends towards the XY model, (ie. as 7  tends towards zero), the total
entanglement in the system tends towards zero.
6.2.4 A star network of interacting spins
Hutton and Bose [76] consider the entanglement present in a star network of 
spins, that is to say, one in which each spin only interacts with a central spin 
at its hub. If N  is the number of outer spins, they find that for odd N  the 
concurrence is
C = ±  (6.10)
whilst for even N  it is
°  =  N ~  N ( N  — 1)' (6' n )
There are thus oscillations in the entanglement as N  is increased. This is due 
to mixedness (ie. 1 — tr(p2)) of the zero temperature density matrix for even N.
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6.2.5 A spin chain
Bose [77] studies the transmission of a quantum state through an unmodulated 
spin chain. That is to say, the state is transmitted along the chain simply by 
being placed in proximity with one end of the chain. The ability to switch 
interactions between the spins on and off is not required, nor is the application 
of external fields required to modulate those interactions.
Bose finds that for direct transmission of a spin along the chain, short chains 
give excellent results. For example, a chain of length 8  gives fidelity F  =  0.994. 
In fact, chains as long as 80 exceeds the highest possible fidelity for classical 
transmission of the state, in the time interval used in the study.
More recently, Stefanatos et al. [78] describe the relaxation optimized trans­
fer of spin order in Ising spin chains, using NMR control techniques.
6.2.6 A chain of harmonic oscillators
Plenio and Semiao [79] have performed similar work for a chain of coupled 
harmonic oscillators, which they dub a ‘quantum data bus’ because of its ability 
to transfer quantum information and entanglement from one location to another 
without having to use active spatial and temporal control.
Specifically, they consider a ring of M  harmonically coupled identical oscil­
lators, coupled with two additional harmonic oscillators a and b at arbitrary 
positions on the ring. System a is initially entangled with an external oscillator 
c, and the aim is to transfer that entanglement so that system c is entangled 
with system b.
They first consider this system for the case of Gaussian continuous variable 
states. They find that for a quantum data bus containing 20 oscillators, and 
a nearest-neighbour coupling strength of C = 1 , then for a situation where a 
and c are initially in a pure entangled two-mode squeezed state, the efficiency 
of entanglement transfer between oscillators a and b oscillates as a function of 
time, with a minimum efficiency of zero, and a maximum efficiency of better 
than 0.99.
Plenio and Semiao then consider the case where states are restricted to the 
basis of a single excitation, i.e. |0) and |1). They show that, in that case, the 
system is equivalent to an xy-spin chain. They consider coupling three external 
oscillators to the chain, a, b, and c. They show that in the limit of large M,
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an initial state which has an excitation in only oscillator a evolves to a W  state 
of the three external oscillators, which is disentangled from the quantum data 
bus. This form of the data bus can thus be used to generate multi particle 
entanglement.
A more extensive study of entanglement in systems of coupled harmonic 
oscillators is by Plenio, Hartley, and Eisert [80]. They find that for harmonic 
oscillators coupled by springs (which corresponds to a phonon model) the trans­
fer efficiency is related non-monotonically to the initial amount of entanglement 
- an intermediate amount of entanglement is transferred with the greatest effi­
ciency. On the other hand, for the rotating wave approximation the relationship 
is mono tonic. They also examine physical configurations of oscillators other than 
a ring.
6.3 Entanglement in a BCS superconductor
To model the formation of Cooper pairs above the Fermi surface, one uses 
a tight-binding approach. In the tight binding model, the wave functions of 
the propagating electrons are made up of linear combinations of localized wave 
functions each of which corresponds to a site on the lattice.
In the superconductor, the lowest energy state of the system should have 
zero total momentum, so the state of the system is a superposition of fermions 
in opposite momentum states:
V>o(ri,r2) = £ flkea‘- '-e - ‘k-« (6 .1 2 )
k
Since the interaction between electrons is attractive, one expects each pair to 
be in a singlet state, hence the overall state is
V’o ( r i - r 2) =  ( 5kCOs(k.(ri -  r 2)) j ( a i /?2 -  A « 2 )- (6.13)
Uc>kF '
6.3.1 The BCS ground state
In evaluating the entanglement between two sites in a superconductor, this 
chapter models the superconductor using the BCS theory [81]. The following is 
based on Tinkham’s treatment [82]. When discussing entanglement generally, 
‘site’ means a region of space where Alice/Bob makes her/his measurements. In
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the context of the BCS superconductor, ‘site’ means one atom in the lattice. In 
the BCS theory, the ground state takes the form
I^ B C S ) =  I I ( U k +  VkCkTC- k l ) l ° )  ( 6 -1 4 )
k
where |vk| 2 is the probability of the pair of momentum states (k | ,  —k j)  being 
occupied, and |uk | 2 is the probability of non-occupation. Hence
M 2 +  |^k | 2 =  1. (6.15)
In a normal metal,
v — 1 for k < Jcf
v =  0  for k > Uf (6.16)
and u shows the converse behaviour, of course. In a superconductor, there is 
broadening of u,v  around kp-
A key feature to note about this state is that it is not number-conserving, 
ie. the number of particles N  is not fixed. It can vary between zero and 2M  
(twice the number of sites). Instead, one has to work with the average number 
of particles, N,  which is fixed.
What are the coefficients Uk and Vk? The strategy to determine this is as 
follows:
1. Use a ‘reduced’ Hamiltonian, which only contains interactions which scat­
ter a pair of electrons from one momentum Cooper pair state to another.
2. Use the variational method to minimize this Hamiltonian.
6.3.2 The reduced Hamiltonian for the BCS ground state
H reduced =  Y  e k (^ k T  +  « k l )  +  Y  V k lC k - ^ - k ^ - U ^ T  
k k,l
= K E  + P E  (6.17)
This number-conserving, ‘reduced’ Hamiltonian excludes all interactions apart 
from those which will scatter a pair of electrons from one Cooper pair state 
(k t , —k i) to another. Thus, Vki is the scattering potential for scattering
169
a Cooper pair from the momentum state (1 —1 I) t°  the momentum state
(k T, —k | ) .
Vki is derived from the most general interaction that preserves total momen­
tum and spin:
(6.18)
which scatters a pair of electrons from
(lcr, mcr') to (k<r, (m + l-k )^ ) . (6.19)
As mentioned before, an undesirable feature of I'Fbcs) is that it has no fixed 
particle number. So one fixes the expectation value of the particle number by 
using Lagrange’s method of undetermined multipliers.
The chemical potential fj, is used as the undetermined multiplier, and N  is 
the operator whose expectation value gives the function one wishes to fix (ie. 
the number of particles). One takes deduced as the cost function, and fj,N as 
the constraint function. Thus, one subtracts f i N  from the reduced Hamiltonian, 
and then seeks to solve
(^B C sl-^reduced — A t^ l^ B C s) =  0 . ( 6 .2 0 )
The effect of this is to set the kinetic energy ‘zero’ at the energy of the Fermi sea, 
Ep. The single-particle energy of an electron with momentum k  thus becomes
£k -  ek -  V (6 .2 1 )
and equation (6 .2 0 ) can be rewritten
(^BCS| ]T^£k(frkT +  ^ k j) +  2^ ^klCkTc l k iC_i|Cif |^BCS) =  0
k k,l
(6 .22)
ie. using deduced but with the energy of an electron with momentum k set to
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£k instead of ek- Now, the first term is
(^BCsj y^Ck(fikT +  fikJ,)|^BCs) — 2 (\I>BCs| £  £kfikt I^BCs)
k k
(because the electrons being considered here are all in Cooper pairs
and therefore the number of up and down spin electrons with 
a particular momentum is the same).
= 2 (^ BCS | £  &4t Ckt I ^  BCs) 
k
= 2(0| Y [ { u t  + urC_UCiT)^Ckcl{TCkT Y [ ( u m +  UmC^cL J^lO)
1 k m
= 2  £ ( 0 | K  + ^ c _ k|CkT)^k 4 TCkT(wk + Vk4rc- k±)
k
x f l W  + ufc_u ciT)(ui +  UiC^cLn)^). 
l#k
(6.23)
Consider the expectation value of the 1 ^  k product (the second term in equation 
6.23) in the vacuum state:
(0| JJ(uf +  Uj*c_u ciT)(ui +  uiCi+tcLu )|0) 
l/k
=  (0 | |ui | 2 +  uf uic}Td u + vf uic-ixcit +  |ui|2c_u ciTcfTcLu |0 )
Mk
= |ui|2 + 0 + 0+|ui|2 = l. (6.24)
And the expectation value of the first term in equation 6.23 in the vacuum state 
is
<0| £ ( « k  +  vkc -k |C k T )^ k 4T Ck t ( wk +  U k 4 Tc -k i) |0 >
k
= <0|££kK|24 TCkT|0> + ( 0 | E ^ k 4 TCkTctTcLki|0)
k k
+ ( 0 | E ^ k 4 TCkT|0> +  (0 | y^^klvkpC-kiCktcirCkTCkTC-kilO)
k k
= <0|£*kM 2nkT|0) + (0| £Ck<Vk4T(l -  nkt)cLki|0)
k k
+ (°l £ ^ k W k f i kT|0) +  (0| £ £ k K | 2c -k |( l  -  nkt)(l -  nkT)cLk|l°)
k k
= 0 + 0 + 0 + £ & M 2. (6.25)
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So the expectation value of the kinetic energy term in /Reduced — fiN  is, from 
the first term in equation (6 .2 2 ),
(KE -  pN)  =  y^£k(nkt +  nk|)
k
=  2 ^ ^ K | 2- (6.26)
k
The expectation value of the potential energy term can be shown to be
( P E )  =  (6.27)
kl
So, if one assumes and Vk are real, the expectation value of //reduced —
is
(^  BCS |//reduced “  M ^ |^ BCs) =  2 ^  £k^k +  Y ,  ^kl^k^k^l^l =  0.
k kl
(6.28)
If one sets
Uk =  sin 0k,
Uk =  cos 0k (6.29)
then the normalization condition for k in equation (6.15) is satisfied. One
can thus write the first term in equation 6.28 as
2  Y  =  2 ^ k cos2 0 k
k k
=  Y ^ 1 +  cos 20k)- (6.30)
k
And one can write the second term as
Y ,  ^kiWkVkWi i^ =  ^  Y 1  ^kl sin 20k sin 20i. (6.31)
So
4kl kl
( ^  BCS |-^ re d u c e d  — /^ A" | ^  BCS ) =  0
OV k
2 £k sin 2 0 k =  Y ^  ^kl cos ^^k s n^ ^ l)
l
ta n 2 *k =  i : ,  VU. sin 2 ^
2 £k
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The quasi-particle excitation energy and the energy gap
Now define two new quantities. The first is the excitation energy for a Bogliubov 
quasi-particle whose momentum is hk:
Ek : =  + &  (6 -3 3 )
The second new quantity is the energy gap in the superconductor:
Ak := -  ^ 2  Vici sin 20i. (6.34)
l 2  l
This is the range in energy over which u and v are ‘smeared out’ around in the 
superconductor. The reason that Ak is known as the energy gap, or minimum 
excitation energy, is apparent from the definition of E k. It is because even at
the Fermi surface, where the energy of an electron relative to the surface is zero,
the energy of a Bogliubov quasi-particle is non-zero: Ek = |Ak| > 0 . Although 
it’s not obvious from its definition, Ak is in fact a function of k, as can be seen 
from equation 6.40 later in this section. However, in an S-wave superconductor, 
the dependence is only on the magnitude of k, and not its direction.
Putting the definition of the gap into the expression for tan 20k one gets
Aktan 20k =  —-— (6.35)
sk
and thus one gets
Ak
2iik^k =  sin 20k =  (6.36)
Ek
vk — wk =  cos 2#k =  t !“ - (6.37)Ek
The choice of signs for the sine and cosine means that one obtains the desired 
behaviour that the occupation number —> 0  as £k —► oo.
The equation for the energy gap and its solutions
With these last expressions, it is possible to finally obtain the equation for the 
gap:
Ak =  — -  ^ 2  ^kl s*n 201
-
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There are two solutions for Ak: one trivial , one not. The trivial solution 
describes the situation in a metal - the energy gap is zero at all energies:
Ak =  0 V (6.39)
The non-trivial solution describes the situation in a superconductor - the energy 
gap is non-zero in a small energy range around the Fermi surface, and zero 
elsewhere:
Ak =  A for |fk| < wp, (6.40)
Ak =  0 for |£k| > wd. (6-41)
Note that this non-trivial solution makes explicit the fact that Ak is a function 
of k, justifying its subscripted ‘k’. However, in an S-wave superconductor, the 
dependence is only on the magnitude of k, and not its direction. The non-trivial 
solution is obtained from equation (6.38) by using Cooper’s approximation for 
Vici:
Vki =  — V  for k  states out to a cutoff energy hu>o away from Ep,
ie. for |£k| and |£i| < hup,  (6.42)
Vki =  0 beyond hwo (6.43)
where V  is a positive constant. Now since Vki is set to Vki =  V  for the range 
of interest, one also has Ak =  Aj =  A hence the equation for the gap (6.38) 
becomes
1 =  (6.44)2 “  i?k
Since V  is only non-zero within a range of hwo around the Fermi energy, the 
summation over k-states can be replaced by an integration between —hwn and 
+huj£>:
i»fuoD y  
-hwD
'h u jo  y
i /•halo i
w  ~  Jo j A 2 + e ^ '  6^ '45^
i r  
z J - l
=
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Now set £ =  A sinh u, and hence
£2 =  A2 (cosh2 u — 1)
A2 +  £2 =  A2 cosh2 u
and d£ = Acosh(u)du
(6.46)
where No is the density of k-states at the Fermi energy for electrons of a given 
spin. Hence the final solution for the gap is
hj)D
.-.A
A
hwD ~  2cod exp hW- (6-47)
6.3.3 Constructing a two-site density matrix for a BCS 
superconductor at T = 0
To evaluate the entanglement between two sites in a BCS superconductor, it is 
necessary to build a density matrix in the basis of the occupation numbers of 
those two sites. One can then apply the Zanardi measure to this to obtain the 
entanglement.
Expressing the m atrix elem ents as strings of second-quantized oper­
ators
The aim of this section is to construct a two-site density matrix for a supercon­
ductor in the BCS ground state at T=0, expressed in an occupation number 
basis. Ie. the elements of the matrix are
This is easily converted to an expectation value of the occupancies in the BCS 
ground state by switching the order of the brakets (which of course commute):
Pnn' — |pBCS | ) )
=  (^tTn i |njTnjil^ rBCs)(^fBCs|(^iTnUnjTniJ.)/) (6.48)
Pnn' = (^rBCs|(^iTn iinjTnj l ) /)(n iTniinj Tnjil^BCs) (6.49)
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To make this concrete, consider the example of the specific occupancies
n^niirij-inji  =  1111,
(ni^niinj^njiY =  0000. (6.50)
Then
P n n ,o o o o  =  ( ^ B c s l a l l  l ) ( a l l  0 | ^ b c s )
=  (^,BCs|ctTcti c]Tc]i |0ij)(0 i:7|^BCs) (6.51)
|0jj) (Ojj | is the projector onto the vacuum state on sites i ,  j  only. How does one
get rid of it from the above expression? First, note that it can be obtained by 
tracing out all other sites from the set of states
=  tT{nk} \n ^ n i l nn nj l  =  0000, {njfc})(n iTna n:?Tn:?i =  0000, {n fc}|, 
k ^ i j .  (6.52)
But one can reexpress the zero occupancies of sites i , j  by applying the zero- 
occupancy projection operator for those sites to the state where they are not 
necessarily empty:
|0<j)(0iil =  tr(nfc} | { ^ } ) ( l  -  hiT) ( l  -  n a ) ( l  -  niT)( 1 -  n .,i)({n fc}|,
k G all sites. (6.53)
So one can write
B C S )(Oij|^BCs) =  t r{nfc},fc#ij(^BCs|^iTn iJ.njTnji  =  0000, {rifc})
(n^nnn^riji =  0000, {n fc} |^ Bcs)
t r { n fc},fceall sites
(^ b cs |(1  -  n<T) ( l  -  nu ) ( l  -  n iT)( 1 -  n ^ ) |{ n fc}) 
( {n * } |( l -  n iT) ( l  -  h n ) ( l  -  n iT)( 1 -  njJI^B C s)
(6.54)
But
},A;£all sites|{^,A:})({^ 'A:}| — T (6.55)
Hence
(^BCs|0ij)(0ij|^BCs) =  (^BCS|(1 -  ~ ~ ^ |)I^B C s)
= ((1 - n u ) ( l  -n j t ) ( l  - K j l ) )  (6-56)
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Now, invoke the anticommutativity of fermion creation and annihilation opera­
tors:
flier
and {ct^Cia}
. . (1 f^ icr)
Hence
(^ B C S |0y  ) (Oij |$ BCs) =  ( ^ B C S |C i |CHC\[CjVc]lC311C]i I^ BCS^
=  (ci'tci^ci lci l cj t cj jlcj i cj l)  (6.58)
The example in equation (6.51) is now easily evaluated. It is
Pnn,oooo = (1^BCs|cJfc]|Cjtcj'll®i^ ^ l ^ fBCS^
=  (^BCslc^C^C^C^CitC^CiiC^CjtC^Cjictj^BCs) (6.59)
Evaluating the m atrix elem ents using W ick’s theorem
The elements of pnn> are now expressed as expectation values of strings of 
second-quantized single-particle operators. How can these expectation values 
be evaluated? Wick’s theorem is the answer.
Wick’s theorem: The average value of a product of creation and 
annihilation operators is equal to the sum of all complete systems 
of pairings, in which each pairing preserves the original ordering of 
the operators in the product. Ie.
(A\A2 ...As) =  ^  (A\A.2) (^ 4 3 4^.4 )... (i4s_ii4s)
o r d e r - p r e s e r v i n g  p e r m u t a t i o n s
(6.60)
where the sum runs over all permutations of the s indices which 
preserve the ordering of the indices in the original product. In other 
words, each pairing (AiAj)  should satisfy i < j .
A problem which now arises is the length of some of the products of creation 
and annihilation operators to which Wick’s theorem should be applied. For 
example, the matrix element pi 111,1111 is obtained by evaluating
<^BCs|cJTcti ctTcti ciTctTciicti ciTctTci i cti cj i CjTciic<T|^BCs), (6.61)
cLci
=  1
— C-irr 0, (6.57)
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a product with 16 terms. There are in fact 40320 permutations of the operators 
in this product that preserve the original ordering, and in which all the pair­
ings are non-zero. Thus a Mathematica program was written to construct the 
superconductor density matrix. On an ordinary 800MHz notebook computer it 
takes about 15 minutes to produce the matrix, in symbolic form. As the result 
is symbolic the program only ever needs to be run once.
Evaluating the pairings using single-particle operators for Bogliubov  
quasi-particles
Each matrix element is now in the form of a sum of products of pairings, where 
a pairing is the expectation values of a pair of single particle operators. How 
does one evaluate each pairing?
The annihilation operators dk and /3_k for the Bogliubov quasi-particles are 
defined by
dk — WkCkf ^k^Lk|
/3-k = wkc_kj +  Vkc£T (6.62)
In the framework of these quasi-particles, the BCS ground state is the ‘vacuum
state’. Hence the BCS ground state is annihilated by the above operators. For
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example, the action of dk on it is:
d k l^ B C s )  =  (UkCkT -  'U kclk i ) ( Q ( u i  +  uic{tcL u ) | 0 »
I
=  (ukCkT -  VkCf_ki) K  +  ^kCkTc-k |)  Il(Wl + vlclTC-u )l°)
=  n ^ 1 +  v l c iTc - l i ) ( u kCkT -  ^ c L k x)(w k  +  VkCkTc i k i ) |0 )
=  II(Wl +  v lc lTc - l i ) ( wkckT +  Wk^CktcJcTcL ki 
l^k
- ^ c i k i - ^ ct_kiCt TCt_ki)|0)
=  Y[(UI +  f  i j | ) (lowering operation on the vacuum
+ u kVkcLk i |0) -  u kVkcLk i |0)
—the same raising operation on the vacuum twice)
=  Y l ( Ul +  vicitc-u ) ( °  +  uk^kcLkjO) -  ukVkcLk i|0) -  0) 
z#fc
=  0. (6.63)
In a similar way, one can show that /3_k also annihilates the BCS ground state.
Now, one can rewrite the k-state creation and annihilation operators in terms 
of the Bogliubov operators as follows:
Ckf =  ukd k +  Uk#Lk,
cf k|* — ukd k +  v 0 - k -  (6.64)
Doing so will enable the reexpression of the expectation values obtained using 
Wick’s theorem in terms of the non-occupation and occupation amplitudes u 
and v.
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Off-diagonal one particle density m atrix elem ent for a single spin  
direction Consider the pairing (c^Cjf) (where M  is the number of sites):
(c iTc i t )  =
kk'
= ^  5Zei(k'Rj_k Ri)^ uk«k + Vk -^k)(«k'ak' + tv/3lk')>
kk'
~  Rj_k Rl  ^f Ukwk'(^BCs|dj{Q'k'|^,BCs) +
kk'
Wkt^ k'('®,BCs|djc41.k/|1^BCs) +  ^^ '(^B C sl/^-kdk 'I^B C s) +
vkVk' (^  BCS | P -  k AL k' I ^  BCS ) ^
= Tf 5-^e^ k Rj_k R^ (0  + 0 + 0 + l’kUk'(^,BCs|^-k4Lk'l^ ,BCs)^
kk' '  '
=  ^ E e<<k''Rj_k'K')t,i ^ ' ,5“ '
kk'
=  ^ E e!k(R j_R ,)M 2-
k
: =  I .  (6 .6 5 )
The above uses the fact that the only non-zero terms are those where a creation
operator is acting to the right and an annihilation operator is acting to the left,
ie.
dkl^BCs) =  0
AcI^ bcs) =  0
(^Bcsld* =  0
<*bcsI ^  =  0. (6.66)
It also uses the fact that the Bogliubov transformation is canonical and thus pre­
serves the commutation relations between fermionic creation and annihilation 
operators, ie.
{ & , & }  =  S k f .  ( 6 .6 7 )
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Two particle density m atrix elem ent for two spin directions The pair­
ing can be evaluated by a similar method. This gives
<c»V]i) =  ~ 5 > <k-<Rj- R,>Uk„k
k
-  1 V ^ tM R .-R ,)  Afc
:= J  (6.68)
where the second line is obtained using equations 6.33 and 6.36.
Num ber density Since they are expectation values of the number operator, 
pairings of the type (c\aCia) can be written in terms of the number density:
(4 rCia) = (fiia) =  '= f  (6-69)
k
and
(cioc\a) =  (1 - h ia) = := (1 - / ) .  (6.70)
k
Superconducting pair density Pairings of the type (c^c^) can be written 
in terms of the superconducting pair density:
k
(c^cn)  = - g  (6.71)
6.3.4 The full two-site density matrix for the BCS super­
conductor at T  = 0
This density matrix has no coherences between states in which the total number
of particles is odd or even. Thus the density matrix can be written as a direct
sum of two density matrices describing such states respectively:
P PNeven  © P N odd• (6.72)
A basis for the full 16 x 16 density matrix, expressed as a tensor product of
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the bases for sites i and j ,  is
Iriijnun^riji) = {|00), |01), |10), |11)}02
=  { | o o o o ) ,  | o o o i > , | o o i i ) , | o i o i ) ,  | o n o ) ,  | o m ) ,  
11000),  | 1001 ),  | 1010) ,  | 1011),  11100),  (1101),  | 1110 ),  | 1111 ) } .
(6.73)
However, it is almost impossible to fit the full 16 x 16 matrix on one page. 
Therefore, here the even-N and odd-N matrices are given instead. The density 
matrix for an even total number of particles is pweven =
182
90 23
183
in the basis
I n ^ n a n ^ n j i )  = {|0000), |0011), |0101), |0110), |1001), (1010), |1100), |1111)},
(6.75)
and where the symbol H  has been used in place of I. The density matrix for 
an odd total number of particles is pn  odd =
184
5©r-
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in the basis
|n iTntj,rijTn j |)  =  {|0001), |0010), |0100), |0111), |1000), |1011), |1101), |1110)}.
(6.77)
As before, the symbol H  has been used in place of I.
6.3.5 Calculating the two-site entanglement in the BCS 
ground state - results
The Audenaert conjugate gradient code for calculating the entanglement of for­
mation [61] was used to calculate the two-site entanglement of the BCS ground 
state, from the density matrix obtained in section 6.3.3. A copy of the code was 
kindly supplied by Konrad Audenaert. This exercise was performed for a range 
of values of /,<?,/, and J.
Some combinations of f , g , I , and J  give a density matrix with one or more 
negative eigenvalues. Therefore for each combination of parameters, the validity 
of the density matrix was checked, and only ’legal’ density matrices submitted 
to the conjugate gradient code.
For given values of / ,  g, the entanglement of formation was calculated across 
a fixed grid of values of I  and J . The results are shown in Figure 6.1, rearranged 
to show EF surfaces of /  and I  for all possible values of g and J.
In Figures 6.2 and 6.3, the exercise is repeated for the BCS ground state 
density matrix subject, respectively, to an SSR for local particle number con­
servation, and an SSR for local particle number conservation modulo two. It 
can be seen that, as expected, the reduction in entanglement is greatest for the 
local particle number SSR.
6.3.6 M artm -Delgado’s work on entanglement in the BCS  
ground state
Martin-Delgado has devised an analytical, concurrence-based entanglement mea­
sure for the BCS ground state [83]. He calls it macrocanonical entanglement of 
pairing (MEP), and defines it as
E(BCS) := (FS|FS) -  (BCS|BCS) (6.78)
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Figure 6.1: Surfaces for the entanglement of formation in the BCS ground state 
plotted against / ,  / ,  and calculated for all possible values of g and J. The 
maximum is Ep  =  2.0 at /  =  I  = 0.5, g =  J  =  0.
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Figure 6.2: The same exercise as in Figure 6.1, performed subject to an SSR for 
local particle number. The maximum is Ep  =  0.5 at /  =  /  =  0.5, g = J  = 0.
9.0-5. J.O
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Figure 6.3: The same exercise as in Figure 6.1, performed subject to an SSR for 
local particle number modulo two. The reduction in entanglement is less than 
that caused by the SSR for local particle number in Figure 6.2. The maximum 
is Ep  =  1.0 at /  =  I  = 0.5, g = J  = 0.
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where | BC S)  is the BCS ground state, | BCS)  is the time-reversed BCS ground 
state, and | FS)  and | FS)  are the Fermi sea state and the time-re versed Fermi sea 
state respectively. Therefore this definition defines the Fermi sea state as having 
zero entanglement. The MEP measure suffers from being based on concurrence, 
as there is no established relationship between concurrence and entanglement of 
formation for systems of higher dimensionality than two qubits. MEP therefore 
cannot be used to quantify in ebits the entanglement of the BCS ground state as 
a resource (to be used for example in teleportation), unlike the procedure given 
above. Furthermore, it cannot be used to calculate the entanglement between 
two sites, unlike the above method. On the other hand, it has the advantage of 
being analytical and thus much easier to compute.
6.4 Entanglem ent in a Fermi sea
6.4.1 Fermi sea two-site density matrix for two spin direc­
tions
The ground state for the Fermi sea can be written
l^rmi) = I I  I I  <6-79)
o k<kf
The two-spin two-site density matrix for a Fermi sea can be regarded as 
a special case of that for the BCS superconductor. One just has to set the 
terms g and J  (which are called ‘anomalous’ because they’re only non-zero in 
the superconductor) to zero in order to obtain the Fermi sea density matrix. 
Since g and J  are zero, there are no matrix elements connecting states which 
contain a different total number of particles in the system. Thus one can write 
the density matrix as a direct sum of n-particle blocks:
 ^Po 0 0 0 0 ^
0 Pi 0 0 0
0 0 h 0 0
0 0 0 P3 0
V° 0 0 0 Pa)
where each block is the density matrix for a system containing a total of 
exactly N  particles. By setting g and J  to zero in the superconductor density
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matrix, the { p a t }  are found to be:
Po =  ( ( ( - 1  +  / ) 2 - f f 2)2)
in the basis
(6.81)
(6.82)
Pi
» ) ( ( - !  +  / ) / - H 2 )
(-1 +  /-//)H(-1 +  
J + H )
O
-((-l + /-/l)(-l + 
/+!/)((-! + /)/- 
H 2 ))
(-1 + /-H)H(-1 + 
J + H)
/ + » )
0
- (( - 1+ /-//)(- 1 + 
/ + «)(( —1 + /)/ — 
H 2 ))
O
o
( - l + / - / / ) / / ( - 1 + 
/ + / / )
0
-((-1 + /-HH-1 + 
/ + //)((-!+/)/- 
H 2 ) )
in the basis
(6.83)
jnitn^njTn^) =  {|0001>, |0010), |0100), |1000)}. (6.84)
The two-particle density matrix is p2 =
^ </-/2
( - 1  +
0
(-1 + / — //)(/-
H X - 1  +  /  +
HX/+H)
O
( - 1  +  f ) f H - H 3 H ( / - / 2 +  H 2 )
i f  — f  + H )
\ ( - 1  +  / ) / H - H 3 t f ( / - / 2 +  / / 2 )
0
( -1  + / - H X / -
H X - H /  +
H ) ( J + H )
0 ( /- /2 + H2)2 /
(6.85)
in the basis
=  { | 0011>, |0101),  |0110>, | 1001>, | 1010),  | 1100>}. (6 .86)
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The three-particle density matrix is p$ =
J ) / - H ■*))
V
in the basis
|ntTn l in jTnj i ) =  {|0111), |1011), |1101), |1110)}. (6.88)
The four-particle density matrix (which has only one element) is p4 =
 ^ (/2 _ h 2)2  ^ (6.89)
in the basis
In jiritjn jin ji) =  11111). (6.90)
The basis for the full density matrix, expressed as a tensor product of the 
bases for sites i and j ,  is
In^nnn^r i j i )  = {|00>, |01), |10), |11)}02
=  { | o o o o ) ,  | o o o i ) , | o o n ) , | o i o i ) ,  | o n o > ,  | o m > ,  
|1000), |1001), |1010), |1011), 11100), |1101), |1110), |1111)}.
(6.91)
6.4.2 Fermi sea two-site density matrix for a single spin 
direction
If one uses a similar procedure to that used in section 6.3.3 to build the two- 
site density matrix for the BCS ground state, the following density matrix is 
obtained.
( ( \ - f )2 - I 2 0 0 0 \
o / ( l - / )  +  / 2 /  0
0 I  / ( l - / )  +  / 2 0
0 0 0 f 2 - 12J
Pa (6.92)
\
/
(6.87)
1 9 2
70 ^
in the basis
I nianja) = {|00),|01>,|10),|11)}. (6.93)
Off-diagonal one-particle density m atrix elem ent in a Fermi sea
For a spherical Fermi surface, the off-diagonal one-particle density matrix ele­
ment I  becomes
Q
(27T)3 Jo
Cl ! k
(2 n )3 Jo
ci ( k
(2 ir)3 Jo
n 47T
(2tt)3 iR
pkf.' r\
J  k2dk(2 ir) J  d(cos 0) exp (ikR cos 0)
f2 f  F I 1—-x I k 2dk(2n)\— ^  exp ( ikR cos 0) 
7r Jo L ikR
, 2 exp (ikR)
- l
i kR
& 1 1
2 ^ m \ k m exp{,kR)
f k F j
— / —  exp (ikR) .1 dk
Jo lR
k ^ -  exp (ikR)  — (t^ :)2 exp (ikR)  iR iR
=  —  ( — ) 2  
2tr2 W
k exp (ikR)  +  — exp (ikR) R
2 n2 iR kp  cos (kpR)  — sin ( kpR) j  — (OcosO — sinO
27t2R 2
sin (kpR)
R — kp  cos (kpR) (6.94)
Now
Thus
/  =  DOS per unit volume in k-space for a single spin
x volume of Fermi sphere in k-space 
9  4 . o 9  f o
-  —  x - n k p  = -jr^kp
Q =
8tt3 3 
67r2/
“fc|T
1 = 3 /
(kpRY sin (kpR)  — (kpR)  cos (kpR)
(6.95)
(6.96)
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where kp  is the Fermi wavevector. In a one-dimensional system
2 ? r  J - k F
cos (k p R ) +  i sin (k p R ) — (cos (k p R ) — i sin (k p R ))
a . . .=  — smlkipR)
=  fsmc(kpR) (6.97)
where a is the lattice spacing.
In fin ite  separa tions: R —► oo
Unsurprisingly, the further apart sites i and j  are, the less correlation exists 
between them. In other words, as R  —► oo, I  —► 0 and the density matrix tends 
towards uncorrelated filling of sites i and j .
F in ite  separa tions: R < oo
For finite separations of sites i and j ,  I  0. The presence of I  in the density 
matrix in equation 6.92 reflects the exclusion principle. It substracts from the 
diagonal elements for |00) and 111), making double occupancy of a site less likely. 
On the other hand, it adds to the diagonal elements for |01) and 110), making 
single occupancy more likely.
6.4.3 Relationship between two spin direction and single 
spin direction Fermi sea density matrices
The spins in a Fermi sea are non-interacting hence in principle the two-spin- 
direction two-site density matrix can be constructed from a direct product of 
spin-up and spin-down density matrices:
Pfs,u PT (6.98)
i.e.
(6.99)
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However, on this point some care must be taken. The density matrix pFS,ij 
in equation 6.80 (which was obtained from the superconductor density matrix) 
is in a tensor product basis of the individual two-spin bases for sites i and j .  
This is suited to calculating the entanglement between sites i and j .  On the 
other hand, the density matrix />f s ,ti produced by tensoring up the spin-up 
and spin-down density matrices is by construction in a tensor product basis of 
spin-up and spin-down components, and thus not suitable for calculating the 
entanglement between the two sites.
The basis suitable for calculating entanglement between sites i and j  is
{ I n n n n n ^ r i j ^ }  = {|niTn u )} <8 > {|rijTn ^ )} . (6 .1 0 0 )
If the above density matrix P f s ,ti is  reexpressed in this basis, it is found to be 
equal to the superconductor density matrix with g = J  = 0, ie. PFS,ij as given 
in equation 6.80. In order to do this, it is necessary to invoke the commutation 
relations for creation operators thus:
n iin<;-T =  l , l  : {n^ni in^r i j i )  =  - | n»Tnj Tntinjl)  (6 .1 0 1 )
nu njT ^  1 , 1  : |n iTn a njTn:?|)  =  I n ^ n ^ n ^ n j i )  (6 .1 0 2 )
It is only for the basis kets represented by equation 6.101 that a change of sign is 
necessary when moving from the {\nljnJ^ntinJi)} basis to the 
basis, since it is only for those kets that one has to move one creation operator 
past another (the operator past the operator).
The actual comparison of P f s ,U  and pFS,ij was performed using Mathe- 
matica. First, the density matrix for /3fs,ti was converted to a symbolic density 
operator. Then the commutation relations were invoked by declaring the appro­
priate relations (negation and/or transposition of occupation numbers) between 
the symbols representing the kets of the respective bases for P f s ,u  and PFS,ij- 
Finally the density operator, now in the basis for PFS,ij, was converted back 
to a density matrix. This was equal to the superconductor density matrix for 
g =  J  =  0 as expected.
Since the single-spin-direction two-site density matrix for the Fermi sea was 
calculated by hand, and the two-spin-direction two-site density matrix for the 
BCS superconductor was generated by a Mathematica program, this equivalence 
strongly suggests that both are correct. However, it is not a full check on the 
validity of the superconductor density matrix as it doesn’t include the 5  /  0  
and/or J  ^  0 cases.
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Entanglem ent o f form ation results
If one chooses as an example /  =  0.5, 1 = 0.25 and of course g — J  = 0, then 
the following results are obtained for the single spin direction entanglement, and 
two spin direction entanglement for the Fermi sea.
EF(/v) =  0.03670 ebits,
EF(pFS,Ti) =  0 ebits,
EF(pFS,tj) =  0.4019 ebits. (6.103)
The single spin direction result was calculated using the Wootters formula, the 
two spin direction results using the Audenaert conjugate gradient code. The 
entanglement between the spin-up and spin-down components of the two spin 
direction state is zero: this is expected as in a Fermi sea there are no correlations 
between the positions of spin-up and spin-down electrons. Ie. the presence of a 
spin-up electron at a particular site has no influence on the the probability of 
occupation of that site by spin-down electrons.
Note that the single spin direction entanglement between sites i and j  is 
not additive, as the two spin direction entanglement between sites i and j  is 
considerably more than twice the single spin direction entanglement.
Graphing the entanglem ent o f form ation surfaces for a sea o f fermions 
(w ith or w ithout spin)
Figure 6.4 shows the entanglement of formation for a sea of spinless fermions. 
Figure 6.5 shows the EF surface for a sea of spinless fermions. And Figure 
6.6 shows the excess of entanglement in the spinful Fermi sea compared to the 
spinless Fermi sea.
6.4.4 Physicality of Fermi sea parameters
On one point, some care needs to be taken, concerning the maximum value 
of I. The above exercise is only physically meaningful if the two lattice sites 
under discussion are distinct, i.e. are separated by at least one lattice spacing. 
Therefore I  cannot get arbitrarily close to /  (which is its asymptotic value at 
zero separation). For the Fermi sea (g = J  =  0), what is the maximum value of 
/  for a given /?
196
Figure 6.4: Surface for the entanglement of formation in a sea of spinless
fermions. The maximum entanglement is one ebit at f  =  I  =  0.5.
Figure 6.5: Surface for the entanglement of formation in a sea of spinful fermions 
The maximum entanglement is two ebits at /  =  I  = 0.5.
Figure 6.6: Surface for the difference in entanglement of formation between a
sea of spinless fermions and a sea of spinful fermions
Consider a simple cubic system with lattice parameter a and periodic bound­
ary conditions over length L in all three directions. Let’s assume that the in­
teractions are such that the Fermi surface is spherical (see below for the likely 
limitations of this assumption). The number of carriers per spin is related to 
the volume of the Fermi sea by
N  _  (L_
2 “  \27r 3 (6.104)3
Remembering that the number of sites is M  = (L/a)3, we find the filling factor
2 M
3 4n(kpa )3 (kpa )3 (6.105)3 6tt2 '
Therefore, the lattice spacing a and the Fermi wavevector kp  are related by
kpa  =  ( 6 7 T 2 / ) 1 / 3 .  (6.106)
Putting /  =  1/2 gives fcpa =  3.09. In equation (6.96), we derived
/(* )  =  [sin(*Ffl) -  , (6.107)
for a spherical Fermi surface, so to find the nearest-neighbour I  all we have to
do is evaluate this function with R  = a. The results are plotted in Figure 6.7.
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Figure 6.7: / m ax ( / )  plotted versus /  at g =  J  =  0.
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Note the likely limitations of the spherical-Fermi-sea approximation; the 
Fermi surface is likely to get distorted as soon as it approaches the Brillouin 
zone boundary. This will happen when
kp  «  — => k p d « 7r ==> / «  ^  ss 0.524 (6.108)
a 6
Figures 6.8, 6.9, and 6.10 are plots of the entanglement in the Fermi sea at 
the largest physically accessible value of I  for, respectively, no SSR applied, or 
with either of the two SSRs in force that were previously considered. These en­
tanglement results were calculated using the density matrix for the BCS ground 
state with g and J  both set to zero.
Relationship betw een single-spin and two-spin entanglem ents
The results obtained for the entanglement of formation are particularly inter­
esting since they show that, when working in an occupation number basis for 
fermions, the two-site two-spin entanglement is not equal to twice the two-site 
single-spin entanglement.
It was found in equation (6.103) that
EF(pFS,ij) > 2 x EF(pa). (6.109)
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Figure 6.8: Entanglement of formation in the Fermi sea plotted against
f  i fm ax(/)-
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Figure 6.9: Entanglement of formation in the Fermi sea plotted against
/ J m & x ( / ) ,  with the SSR for local particle number conservation in force.
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Figure 6.10: Entanglement of formation in the Fermi sea plotted against
/ ,  / max(/) , with the SSR for local particle number modulo 2 conservation in
force.
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So not only does equality not apply, but the two-site two-spin entanglement is 
actually greater than the two-site single-spin entanglement. This is because the 
assumptions required for the additivity of EF are not satisfied, because of the 
commutation relations expressed by equation 6.101. This is because the overall 
Hilbert space is not a direct product of Alice’s (spin up) and Bob’s (spin down) 
Hilbert spaces.
If the rearrangement is made without the use of minus signs, then one finds 
that the entanglement of formation is still additive. So for the numerical exam­
ple in equation (6.103), one finds that
EF(/3pSij) =  0.07399 ebits
=  2 x EF (pa). (6.110)
Thus, entanglement of formation is in general not additive for fermionic sys­
tems, because rearranging the tensor product of bases for bipartite systems 1 
and 2 into a joint bipartite tensor product basis of system 12 will involve moving 
one fermion creation operator past another for certain basis elements, introduc­
ing minus signs. However, it is important to emphasize that this conclusion 
represents a special case, and has absolutely no wider significance for the open
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question concerning the additivity of the entanglement of formation for systems 
of distinguishable particles.
6.5 Entanglem ent in a B ose condensate
Another type of degenerate quantum gas is the Bose-Einstein condensate (BEC). 
This section constructs a two-site density matrix for this system, then considers 
the entanglement between the two sites. Simon [84] has also obtained results 
for bipartite entanglement in BECs. His results are consistent with this study, 
and are described in section 6.5.5.
W hat are the elements of the two-site density matrix for sites i and j  in a 
Bose condensate at T  =  0, written in an occupation number basis? If there are 
N  bosons in the condensate, and the system contains M  sites, then by definition 
each element is
n o t  r i i , n j
p(n i,n j;nJ,nJ) =  ^  (n1...ni ...nj .. .nM\^ b ) ( ^  B\ni...n'i ...n'j ...nM)
(6 .111)
where I’J'b) is the ground state of N  bosons at T  = 0. W hat is |^ b )?  The 
unique feature of a Bose condensate is that all N  particles are in their lowest 
energy state. It will be convenient to express I^b) in terms of the occupancies 
n\...ni...rij...nM- This is achieved as follows. The M - site lowest energy state 
can be written
—j = ( a \  + ... +  aj^lO). (6.112)
So N  particles inserted into this state is written
'*B> = 7 M ( ^ (o! + -' + a« )) W|0>- (6-U3)
To reexpress this in terms of occupation numbers, one can use the multinomial 
expansion:
( a , + . . . + a t ) P =
f S  q i - qkl
k
{#} := a set of positive integers q\..qk satisfying qi = P.
i= 1
(6.114)
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I t’s easy to normalize this: one just sets all the {a*} equal to 1, giving
r  t = kP■ (6-n5)
{q}
Applying the multinomial expansion to equation 6.113 gives
'*"> = ^ (i )NS ^ b <al)"' -(aL)n“|0>- (6116){n>
Then, applying the result
(a t)” ! 0) =  Vn\\n) (6.117)
gives
'**> = ^ r (^ )Ng ^ b |ni- nM>- (6-U8>
One can now substitute this into the previous expression for the two-site density 
matrix element:
n o t  T l i , T l j
p(n i ,n j ;n ' , n j) = ^  {n1...ni ...nj...nM\^ b ) {^  B\n\...n'i ...n'j ...nM)
fiot Tl% jTlj
(W )2 £
m M N  n Z i u sJn il-n ,\...n j l . .n M\
’ r i i + r i j  , n ' + n .1 S
N\____ 1
n o t  T l i , T X j
/  . i i i i i i ^ r i i + n  > , n ' + n '
m  ...nM J J
(6.119)
The summation can be eliminated by using the result in equation 6.115 for the 
normalization of the multinomial expansion:
(l + ... +  l)p = £-^-(1)*....(!)«
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not^ ' " ) ______________ 1______________  _  ( M - 2 ) < " - ^ + " » »
ni nM n l" " n i - l 'n t+ l""nj - l - n j+ l" " n M! (N  -  (fli + Tlj))\
(6 .120)
since the use of the expansion here involves all M  sites except sites i and j ,  and 
all N  particles except the n, 4- rij particles on those sites. Hence
, N\ (M  -  2)<N-<ni+n*» 1
M N (N  -  (n* 4- rij)y. '
(6 . 121)
If a superselection rule for local particle number conservation is in force, 
then clearly this is modified by the addition of further delta function terms:
TV! ( M -  2)(N~ ^ + n^  1
p(n„ni;n„n,)ssa = ^  ( N - ini +  n) W
X &ni+rij  , n ' + n '  ^ n i , n '  ,n '  >
(6 .122)
and in the case of an SSR for local particle number conservation modulo two,
, TV! ( M -  2)<N-<n<+n*» 1
p n t , r ij,n t, rij SSr %2 m N  ^  +  —
, n ' + n
(6.123)
6.5.1 Binomial probability form of the Bose condensate 
density matrix
I t’s possible to reexpress the elements of the density matrix in terms of the 
binomial probability Pn of finding a total of n  particles on sites i and j .  When 
conducting a total of t trials, if the probability of success if p and that of failure 
is (1 — p) then the probability of obtaining exactly x  successes is
Px =  C {t,x)px{ l - p ) t- x
= (6-124>
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Thus the probability of finding exactly n particles on sites i and j  is equal to 
the probability of testing whether the site that a given particle is on is either 
site i or j  for all N  particles, and succeeding n times. The probability of success 
for each test is 2/M  hence
N\ (  2 \ n/ 2 \ N~n 
Pn =  n\(N — n)! \ M J  V ”  M J  ^ ‘125)
Now if the total number of particles on sites i and j  is exactly n = n l -\-nJ then 
this probability can be written
N\ (  2 \ n,+n-' ( m  — 2 \ N~(n'+nj'
Pn = |! \ M )(rii + rij)\(N -  (rii 4- r i j ) ) \ \  J  \  M
2ni+nj jyj ^  _  2 )(^ -(n«+nj))
(rii + nj)\ M N (N  -  (rii + rij))\ 
and thus the elements of the density matrix can be written
n(n . „ n 1 . ,p[<nt,n j ,n i ,Tij) — s^ n--- .--------------- on i+n j n >+n'
2n,+nj
(6.126)
(6.127)
One can write p as a sum of density matrices {pnij} weighted by their re­
spective binomial probabilities, where pUij is the density matrix for exactly 
rii +  nj = n ij particles on sites i and j :
N
P  ~ ~  y i  P n ^  P n i j  • (6.128)
n , j = 0
From the above result for /3(ni, ; n ' , n ' ) one can see that pHi} has elements
- i > / \  (rij -I- nj)! 1
Pmjini^nj^n^Tij) . —  n i + n _ ,  / — ; — ,  , ,  •
* Jnilnjin^.ny.
(6.129)
6.5.2 pnij(ni, rij; nynj) is the density matrix for n particles 
in the bonding ground state
In fact, pn%] {rii, rij; n^, rij) is exactly the same as the density matrix you get for 
71 =  rii +  rij particles placed in the bonding ground state of the two sites, as
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given by equation 6.113:
N
l$B> "  7 ^ ( v ^ (a! +  " ' +a!w))  |0)
=  7 r a ( ^ (a‘,+aJ))"'+n'0>- ( 6 ' 1 3 0 )
This can easily be seen since you can get pn%] (rii, ny, n\, n ' ) by setting N  =  
rii+rij and M  = 2 and putting them into equation 6.121, which is the expression 
for the density matrix for N  particles in an M  site ground state.
6.5.3 Limit for large system s
For the binomial probability Px , if the expected number of successes is u := tp 
then as the number of trials t becomes large, Px tends towards the Poisson 
distribution:
Ux €~~ vPx ->  —. (6.131)
x\
Here, t = N  and p = 2/M  hence u = 2 N / M  =  2 /  where /  is the filling factor. 
In a Bose condensate, the filling factor is /  =  N / M . Thus for a fixed, finite / ,  
as the number of particles N  and number of sites M  become large,
(2 f)ne~2fPn ->  . (6.132)
n!
And thus
-v r r\ (2/ ) n,+nje-2  ^ „
p(nu n j  ^  („.+ ), Pnij
f l i j  —0
_ A  ( r i j  + nj)\ (2/ ) n«+nj e~2/ 
n ~ t 0 2n,+nj (" i+n , - ) !
1
- - - - - - - - - - - , n , r i i
n
N
£  r .+n,e-2 f
= 0
f n i+ n i +nl+n' i / 2 e - 2 f _ l = = S  , + n , ( 6 .133)
Note that the distance between sites i and j  does not appear anywhere in this 
result. The density matrix is completely independent of the distance between
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the sites. The physical rationale for this is that the system contains no length 
scale intermediate between the lattice spacing and the system size. Therefore, 
the interaction must have either zero range or infinite range.
6.5.4 Bose condensate density matrix in the limit of small 
f
If the filling factor /  is very small, the probability of occupancies higher than 
1 will be negligible. Thus the density matrix can be accurately approximated 
using the basis:
|m r i j )  =  { 100), |01), 110), 111)}- (6.134)
To first order in /
The density matrix in this basis can be calculated to first order in /  from 
equation 6.133 (assuming that both N  and M  are large):
p (n j,n j;n ',7 ij) =  /2e-2 / 1 ' r i j+ r i j  ,n '  + n '
y j n i \ n j \ n ,i \ n ,j \
= /n .+nJ+n'+n'/2(1 _ y  + ...)  I. = S n +n n>+n>
J \  J V l  x 1 x 1 x  1 nt+nj’n‘+Tb
P =  (1 - 2/)
/ l 0 0 0> (1 - 2 / 0 0 0>
0 / / 0 0 / / 0
0 / / 0 0 / / 0
\o 0 0 f 2) V 0 0 0 0 /
to first order in f. (6.135)
The entanglement between sites i and j  was calculated using the Wootters 
formula (since the two sites form a two-by-two system). It is non-zero, and is 
plotted as a function of /  in Figure 6.11. On the basis of this exercise, one 
would conclude that the Bose condensate does contain entanglement. However 
the higher order terms in /  which were neglected, above, are in fact important.
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Figure 6.11: Entanglement between two sites in a Bose condensate for small 
filling factors / ,  calculated from the density matrix expressed to first order in 
/ ,  using the Wootters formula.
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To second order in /
Repeating the above exercise with the second order terms included gives
r * -
f n j + n ' + n ' / 2  (
1  - 2  f + L -
2 / ) 2
- )  r
1
^r i i+n
I r k i n ' ! n j !
(■- 2 /
, ( - 2 / )  
2 ! V.)
a 0 0 0 0 0 0 0 0  >
0 / 0 I 0 0 0 0 0
0 0 / 2/2 0 f 2/V2 0 0 0 0
0 / 0 / 0 0 0 0 0
0 0 / 7 v/2 0 f 2 0 f 2/V2 0 0
0 0 0 0 0 / 7  2 0 / 3/2 0
0 0 0 0 P/V2 0 f 2/ 2 0 0
0 0 0 0 0 / 3/2 0 / 3/2 0
\ 0
0 0 0 0 0 0 0 f 4/4/
(6.136)
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in the basis
100), |01), |02) , |10), |11), 112), 120), |21), |22). (6.137)
We can now truncate this to the basis given in equation 6.134, and renormalize, 
giving the 4 x 4  density matrix:
Pov
(1 + / ) 2
0 0 
/  /  
/  /  
\0  0 0
o \
0
0
f 2 J
(6.138)
The entanglement of this as calculated using the Wootter’s formula is zero for 
all / .  So for small / ,  the Bose condensate does not contain any entanglement 
between sites.
The above truncation method is rather arbitrary, and therefore a more con­
vincing proof of the lack of entanglement is Peres’s test [85] as to whether all the 
eigenvalues of the partial transpose of a two-system density matrix are positive. 
The partial transpose is defined by
f m n , n v (6.139)
where the indices m ,n  run over system A , p ,v  run over system jB, and the 
non-partially transposed density matrix is Pmn,nw The partial transpose of P02  
is
hPTP02
( ' -
2 /  +
( - 2 / ) 2
2! - )
/ l 0 0 0 / 0 0 0 A2
0 f 0 0 0 JLs/2 0 0 0
0 0 JL2 0 0 0 0 0 0
0 0 0 / 0 0 0 JLs/2 0
/ 0 0 0 / 2 0 0 0 JL2
0 JLs/2 0 0 0
JL2 0 0 0
0 0 0 0 0 0 JL2 0 0
0 0 0 JLs/2 0 0 0
JL
2 0
0 0 0 JL2 0 0 0 4 /
(6.140)
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This has only positive eigenvalues for all / ,  indicating that P02  is separable and 
supporting the above conclusion that the Bose condensate does not contain any 
entanglement for small / .
6.5.5 Work of Simon on entanglement in Bose-Einstein  
condensates
Simon [84] has obtained results for bipartite entanglement in BECs that are 
consistent with this study. He finds that any two regions in the BEC are entan­
gled, irrespective of the distance between the regions. This is true even for two 
subsystems which together comprise just part of a BEC, and thus for which the 
total particle number is not fixed.
Entanglement only disappears when the BEC contains an infinitely large 
number of particles, ie. when the occupation probability tends towards a Poisson 
distribution. This is consistent with the findings above.
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Chapter 7
Conclusions
With more and more designs being proposed for quantum computers, especially 
involving the use of solid state architectures, the need for an effective method 
for quantifying the entanglement between the particles which carry the qubits 
in such an architecture, ie. electrons, has become increasingly pressing.
C h a p te r  2 looked at a number of possible approaches for quantifying bi­
partite entanglement between indistinguishable particles and found that only 
the Zanardi ‘site-entropy’ measure is a rational measure, according to the stan­
dard tests for a ‘good’ entanglement measure. Vaccaro and co-workers have 
proposed that one should measure the Zanardi entanglement after an SSR for 
local particle number conservation has been applied.
With a workable entanglement measure for indistinguishable particles iden­
tified, a natural next step was to look at entanglement in systems of such parti­
cles. A very simple example of such a system is the doubly-occupied molecular 
bonding orbital. The Zanardi measure predicts that this contains two ebits 
of entanglement shared between sites A  and B. However, these two ebits are 
spread across spin and space degrees of freedom. To demonstrate that the Za­
nardi measure indeed gives the correct answer, a teleportation protocol was 
devised that enables Alice (site A) to teleport two qubits to Bob (site B) using 
the doubly-occupied molecular bonding orbital.
C h a p te r  3 looked at systems which carry entanglement in both their space 
and spin degrees of freedom. It considered two questions - i) to what extent are 
the spin and spatial degrees of freedom ‘entangled’ with each other, and ii) to
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what extent can entanglement be carried between two physical subsystems only 
in the spin degrees of freedom, or only in the spatial degrees of freedom.
First, it was found that for a system of N  fermions occupying 2M  single­
particle states, the ‘space-only’ density matrix p Spatiai which gives the correct 
measurement statistics for measurements made by a spatial operator on that 
system is a sum of density matrices {ps } each of which is parameterized by the 
total spin quantum number S.
As regards question i), it is found that the doubly-occupied molecular bond­
ing orbital is separable into space-only and spin-only states. There is thus no 
‘space-spin’ entanglement in this system. However, a parameterized version does 
exhibit space-spin entanglement as a function of the parameter. The space-spin 
entanglement is calculated twice for the apparatus proposed by Omar et al. [3], 
once for a version where each pair of fermions is only locally antisymmetrized 
on their respective side of the apparatus, and once for the fully antisymmetrized 
state.
As regards question ii), space-only and spin-only entanglements are formally 
defined as entanglement which can be exploited by parties who can only perform 
spatial or spin (respectively) operations, within the regions of space to which 
each party has access.
The effect of limiting only the measurements that Alice and Bob can perform, 
but not the operations, is considered for the doubly-filled bonding MO. It was 
found that such a restriction means that only 3/2 qubits can be teleported. 
The same result was also obtained by drawing an analogy with a system of 
two spinless bosons occupying two sites. This enables the spatial state to be 
expressed as a density matrix, and thus enables the von Neumann entropy of 
the reduced space-only density matrix for site A  to be evaluated.
The spin-only and space-only entanglements between sides 1 and 2 of the 
Omar apparatus are also evaluated using the locally anti-symmetrized version 
of the state.
C h a p te r  4 looked at the effect that applying a superselection rule for charge 
to the doubly-occupied bonding MO has on the amount of useful entanglement 
it contains between its two sites. The teleportation protocol developed for this 
state requires the use of non-local, non-number conserving operations in order 
to perform the CNOTs involving the ‘virtual’ qubits that are used by Alice to 
perform the teleportation of two unknown qubits. If Alice is restricted to using
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only local, number-conserving operations at site A , she can only perform spin- 
flips at site A. This prevents her producing a superposition of charge states at 
site A, and is thus equivalent to imposing a superselection rule for charge. It 
was found that the effect of this is to reduce the available entanglement in the 
state to 1/2 ebit. This is the value that Vaccaro’s available entanglement Ep  
gives for this state.
C h a p te r  5 developed a conjugate gradient method to numerically estimate 
the entanglement of formation. After a description of the generic conjugate 
gradient algorithm, a gradient for the average entanglement was developed. A 
brief description was given of how the algorithm and gradient were implemented. 
Then the results of testing the code against various types of mixed state were 
described. These were two qubit mixed states, two qudit isotropic mixed states, 
and two qutrit random mixed states. Finally, the code was used to evaluate the 
entanglement of locally decohered (ie. decohered only at one site) Bell states 
of two qutrits. The types of decoherence examined were the bit flip and the 
depolarizing channel.
Finally, ch ap te r 6 examined bipartite entanglement between two sites in a 
degenerate quantum gas. First, the existing literature on entanglement between 
two sites in a spin system such as the XY and Ising models was described. Then 
a two-site density matrix for a BCS superconductor in its ground state was de­
veloped. A version of this describes the Fermi metal. Separately, a two-site 
density matrix for a Bose condensate was developed. The entanglement results 
from these density matrices were described. A direction for future research 
would be an experiment for detecting the entanglement of formation in degen­
erate quantum gases, in order to verify the results predicted by this chapter. 
Other areas for future work include studies at non-zero temperature, and with 
a larger number of data points.
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A ppendix A
Omar 2 x 2  eigenfunctions
A .l  Locally antisym m etrized spin and spatial 
eigenfunctions for the Omar apparatus
A. 1.1 Locally antisymm etrized spin eigenfunctions
W hat are the simultaneous eigenfunctions of S z and S 2 for a system of 4 spin­
e ’s? One easy approach is to consider the system as two pairs of spin-^’s, 
and combine them using Clebsch-Gordan coefficients. Our basis states are the 
eigenstates for a system of 2 spin-^’s, i.e.
Xo,o =  -^=[<*(1)0(2) -0 (l)a (2 )]
X i , i  =  a ( l ) a ( 2 )
X l ’°  =  +
x i ,- i  =  m m  (A-1)
where a, {3 are the spin-up,spin-down eigenstates for a single sp in - |.
The Omar interferometer consists of two beamsplitters, arranged vertically. 
The top beamsplitter is on ‘side 1’ of the apparatus, the bottom beamsplitter on 
‘side 2’. Two pairs of maximally spin-entangled fermions are produced halfway 
between the beamsplitters (at the interface between sides 1 and 2), and one
half of each pair is combined with one half of the other pair at one of the
beamsplitters.
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We divide the 4 fermions into pairs A  and B, where pair A  is on side 1 of the
apparatus and pair B  is on side 2. Then using the nomenclature , where
S a (S b ) denotes the total spin of pair A (B), and S ,m s  denote the total spin 
and spin-z projection of the 4 fermion system, and using the decomposition
®s’™sH =  X ]  (s ASBm sAm s B\S m s)x sAmsAXsBmsH (A.2)
m s Am s B
where the {(S^SBms/1rasB|S,TOs)} are the Clebsch-Gordon coefficients, we ob­
tain:
S = 0
<°o = Xo,0X0,0
$ U  =  ~^=[xt,-iXi, 1 +  X \,iX \,-\ — xf,oxfo] (A-3)
S = 1
^ o 1 -  V s—  Xi,- 1X0,0  
=  X i , 0 X 0,0  
=  X i , 1X 0,0
^ r 1
* o ° i
< 1
=  X o , o X i , - i  
= Xo.oxfo 
=  Xo,0 X 1,1
— ~ ^ [ X \ , o X i , - i  ~  X \ , - \ X \ , o )
*!:? =  ^ [ X u x f - i  - X ^ - i X u ]
*1:1 = ^ [ x u x f o - x ^ o x f i ]
(A.4)
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S = 2
^ r 1 
* ?:?
<1
foX,!^X,X
A. 1.2 Locally antisymm etrized spatial states
These axe products of the following states for each side:
| LL) =  L(l)L(2)
\RR) =  R(1)R(2)
I LR+) = -)=[L(l)fl(2) +  L(2)R(1)}
|L R - )  =  T [L ( l) f l (2 )  -  L(2)fi(l)] (A.6)
where 1,2 are particle labels.
A .1.3 Rewriting the 50 /50  + +  output state for fermions 
as a sum of products o f space and spin eigenfns
The unnormalized output state for 50/50 beamsplitters for fermions (+ +  case) 
is (as given in equation 53 in quant-ph/0202051):
- \ \ L  i t ) i | i  U>2 -  IT)i|rt U)a -  \ ( \L  i t> i l*  11>2 + 1R  IT ) i | i  u ) 2)
+  j (M  T1>i|j4 I t ) 2 + 1A  IT) 11^4 U>2) -  | ( |  A  U )i |A  Tl>2 +  IA  |T)i|A |T>2) 
+ (M  TT)i|A U >2 +  IA U)il>l TT>2) (A.7)
For the doubly-occupied H ^  state we used
^ ( c^TcBi + cBTc^ i) l° )  = |A£+)|xo,o> (A.8)
- ^ [ x i - i X ? , o  +  x f , 0 x f - i ]
+  2 x t o x f , o  +  x i - i X u ]
- ^ [ x i i x i o  + x io x i i]  
x i i x f ,  i
(A.5)
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hence
Let’s try a similar trick here, taking pairs of ” A” spatial state terms, expanding 
the states as Slater determinants, and rearranging the terms such that we have 
a sum of products of spin-only and space-only states (a,b,c,d axe particle labels):
i ( | A T l ) i | A I T ) 2 +  | A | T ) i M T l ) 2 )
=  i  ( j= ( L l(a )  T (a)Rl(b) |  (6) -  Ll(b) T (b)Rl(a) f  ( a ) )  
-j={L2(c) |  (c)R2(d) T (d)  -  L2(d) |  (d)R2(c) |  (c))  
+ ± ( L l ( a )  1 (a)Rl(b) |  (b) -  Ll(b) I  (b)Rl(a) T ( a ) )  
- ^ ( L 2 ( c )  T (c)R2(d) |  (d) -  L2(d) T (d)R2(c) I  (c ))  
= j^L l(a )R l(b )L2{c)R 2(d)
( T (q ) I  (b) I  (c )  T ( d ) +  1 ( a )  T (6) T (c) |  (d)) 
-L l(a)R l(b)L2(d)R2(c)
(T (a )  I  (b) i  (d) T ( c ) +  1 ( a )  T (6) T (d)  i  (c))  
- L l ( & ) # l ( a ) L 2 ( c ) # 2 ( d )
(T (b) i  ( a )  1 (c)  T (d)+ i (b) T ( a )  T (c) |  (d ) )  
+ L l ( 6 ) i 2 1 ( a ) L 2 ( d ) i ? 2 ( c )
(T (&) I  ( a )  i  ( d )  T ( c ) +  1 (6) T ( a )  T (d )  I  (c))
Now
(A.9)
x i , o = ^ ( T ( a ) i ( 6 ) - i ( a ) t ( 6 ) )  (A.10)
Xo,oXo,o =  ^(T (a) I (b) T (c) 1 (d )-  T (a) 1 ( 6 )  i  (c) T (d)
-  1 (a) T (&) T ( c )  I (d)+ I  (a) T ( 6 )  i  (c) T (d)) (A .ll)
and Xi,oXi,o 1S the same but with exclusively ‘4-’ signs. Hence we can rewrite 
the underlined part of equation A.9 as
T («) 1 (b) i  (c) T (d)+ |  (a) T {b) T (c) |  (d) =  x!,oX?,o ~ Xo,0 X0,0 (A-12)
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A similar exercise for the other bracketed groups of spin terms in equation A.9 
gives
=  i ^ L l ( o ) B l ( f c ) L 2 ( c ) f l 2 ( d ) ( x l , 0X1,0 -Xo.oxS.o) 
—Ll(a)Rl(b)L2(d)R2(c)(x\ ioX^ ,o + Xo,0X0,0) 
-Ll(b)Rl(a)L2(c)R2(d)(x} ,0x l o  +  Xo.oXo.o) 
+Ll(b)Rl(a)L2(d)R2(c)(x\ ,0x l o  ~  Xo.oXo.o)
=  ^ ^£,l(a)i?l(6) v ^ |2l —>2X1,0X1,0
- L l ( a ) R m ^ \ A + h x l , o x l , o  
- L m m ( a ) V 2 \ A - ) 2Xlo x lo
—Ll(b)Rl(a)' /2\A+) 2X0,0X0,0
=  ^ f \ / 2 |A -) i> /2 |A—)2Xi, 0X1,0 — \ /2 |A + ) i \ /2 |A+)2Xo, 0X0,0 
=  2 f l 4 - ) il4 “ )2Xi,0X1,0 -  l4 + )i l4 + )2Xo,0X0,0
(A. 13)
A similar exercise yields 
1
2 ( l - 4 t l > i M U > 2  +  |A IT)i |Ai?>2)
=  2(1^“  >2xi,oX?,o +  l4 + ) l |4 +>2Xo,oXo,o) (A-14)
So
i(|A Ti)i |A |T>2 + IA  1T>11-4 Ti>2) -  j(l A  TI)i|A U>2 + IA  i t>, |A IT)2) 
=  | A+) 1 |.A-4~} 2 X0 ,0 X0,0 (A.15)
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Thus the output state becomes
l°u t)fermion =  2 ^ 11 2^ 0,°Xo,° +  2 1^ ) 1 l-^)2Xo,°Xo,°
+ | | i > 1 | ^ ) 2 x i , 0 x g , 0  +  f l * > i | £ > 2 x i , 0X 0.0  
- | ^ + ) i |A+)2Xo,oXo,o +  I^-> i M->2(x 1,i Xi - 1 +  Xi, - iXi, i)
=  i < » ( | i > i l i >2 +  |fi>i|fi)2 +  |i> i |B >2 +  \Rh\Lh -  l ^ + ) l |^ + ) 2) 
+ | i 4 - ) 1| i 4 - )2(xi , iXi , - i  +  x},-iX?,i) (A. 16)
Now
Xi,iXi,-i +  x i , -1X1,1 =  ^ $ ? ! i  + ( A - 1 7 )
So
M > f e £ u o n  =  ^ < S ( l ^ ) i l ^ > 2  +  \R)i\Rh  +  \Lh\Rh  +  \R)i \L)2 -  2\A+)1\A+h)
+| ^ - )1|^ -)2( + y | ^ ;o} (A 18)
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